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Abstract. We consider critical points of master functions associated with integral dom- 
inant weights of Kac-Moody algebras and introduce a generating procedure constructing 
new critical points starting from a given one. The set of all critical points constructed 
from a given one is called a population. We formulate a conjecture that a population is 
isomorphic to the flag variety of the Langlands dual Kac-Moody algebra and prove the 
conjectures for algebras sIn+i, so2n+i, and sp2N- 

We show that populations associated with a collection of integral dominant sIn+i- 
weights are in one to one correspondence with intersection points of suitable Schubert 
cycles in a Grassmannian variety. 

1. Introduction 

Let f) a the Cartan subalgebra of sZ^+i; ( , ) the Kilhng form on f)*; ai, . . . , G f)* 
simple roots; Ai, . . . , A„ G f)* dominant integral weights; h, . . . Jr non-negative integers; 
zi,...,Zn distinct complex numbers. The master function $ associated with this data 
is the rational function of li + ■■■ + Ir variables t^^\ . . . , t\^\ . . . , t\'^\ given by formula 

( ^2.11 ). We may think that li + ■ ■ ■ + Ij. + n particles are given in C. The particle t^*^ 
has weight — and the particle Zs has weight A^. The particles interact pairwise. The 
interaction of particles x and y with weights v and w, respectively, is given by {x — y)^'"''^\ 
Then total interaction is the product of such terms over all pairs. The master function 
describes the interaction of t-particles with t-particles and 2;-particles. We ignore the 
interaction of z-particles with z-particles since the positions of z particles will be fixed in 
our considerations. 

The master function appears in hypergeometric solutions to the KZ equations with 
values in the tensor product of irreducible highest weight representations La^ , • • • , 
with highest weights Ai, . . . , A„, respectively. The solutions have the form 

u{z) = j ^{t,z)-- A{t-z) dt , 

where /t is the parameter of the KZ equations and A{t\ z) is some explicitly written 
rational function with values in the tensor product ||SV|| . 
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The master function also appears in the Bethe ansatz of the Gaudin model with values 
in the same tensor product |[RV|| . In that case the value of the function A{ ■ ; z) at a point 
t is an eigenvector of the commuting Gaudin Hamiltonians if t is a critical point of the 
master function. 

In this article we study critical points of the master function on the set where all 
{t^j\zs} are distinct. In other words we study those positions of distinct particles {tf^} 
in the complement to {z^} which extremize the master function. 

The master function is symmetric with respect to permutations of variables {tj*^ } with 

the same upper index. It is convenient to use symmetric coordinates. To every point {tf} 

we assign a tuple of polynomials y = {yi, ... ,yr) of one variable x with yi{x) = Ylji^~t^f)- 
The master function can be considered as a function on the space Cj'Ja;] x ■ ■ ■ x Cj'^fa;], 
where CjJ[x] is the affine space of monic polynomials of degree d. We consider the critical 
set of the master function on this product. 

The Weyl group W acts on ()*. For w G W and A G f)* denote w ■ X = w{\ + p) ~ p 
the action of the Weyl group shifted by p, the half sum of positive roots. Set Aqo = 

Let B C SL{r + 1, C) be a Borel subgroup. The flag variety SL{r + 1,C)/B has the 
Bruhat cell decomposition SL{r + 1,C)/B = U^^y^G^ with = BwB/B. 



Theorem 1.1. 



• // Aoo belongs to one of the reflection hyperplanes of the shifted action of the Weyl 
group, then the master function does not have critical points such that {t^j \zs} 
are distinct. 

• Let wq & W be such that Aoo = wq ■ Aqo is dominant. If Aoo — J2s=i is not a 
linear combination of simple roots with non-negative coefficients, then the master 
function does not have critical points such that {t^j\ Zs} are distinct. 

• Let Aoo = "U^o'Aoo be dominant. Assume that Aoo — J2^=i is a linear combination 
of simple roots with non-negative coefficients. Let a tuple G C° [x] x ■ ■ ■ x C° [x] 

represent a critical point of the master function such that {t^j \zs} are distinct. 
Then the closure in C° [x] x ■ ■ ■ x C° [x] of the connected component of the critical 
set containing t/° is isomorphic to the Bruhat cell G^o ■ 

• The number of connected components of the critical set is not greater, than the 
multiplicity of the representation Lj^^ in the tensor product L\-^ ® ■ ■ ■ ® i^A„- 



Conjecturally for generic zi, . . . ,Zn and arbitrary integral dominant weights (g) • ■ ■ (S> 
La„ the number of connected components is equal to the multiplicity indicated in part 4 
of the theorem. For s/2 the theorem and the conjecture are proved in PcV| . 



For s/2 the theorem takes the following form. Irreducible representations are labeled 
by non-negative integers. Denote La the irreducible representation with highest weight 
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a G Z>o, dim La = a + 1. The master function takes the form 

I n 

j=l s=l l<i<j<l 

for given positive integers mi, . . . ,m„. Set |m| = mi + ■ ■ ■ + m„. To every t assign a 
polynomial y{x) = Y[j=ii^ ~ ^j) ^^'^ consider the master function as a function on C°[x]. 

Theorem 1.2. |ScV| 

• If\m\ + l — l<Oor\m\ + l — l = l, then the master function does not have critical 
points on the set where {tj,Zs} are distinct. 

• If I < \m\ + l — l, then for generic zi, . . . ,Zn the number of polynomials y, such that 
y represents a critical point and {tj.Zs} are distinct, is equal to the multiplicity 
of the representation L\fn\~2i the tensor product L^^ (S> ■ ■ ■ ® Lm„- The critical 
points are non-degenerate. 



x\ 



Assume that < |m| + ! — /</, and zi, . . . ,Zn are generic. Let a tuple y^ G 
represent a critical point of the master function such that {tj, Zs} are distinct. Then 
the closure in C^lx] of the connected component of the critical set containing y^ is 
a straight line. The total number of the straight lines is equal to the multiplicity 
of the representation L2i^2-\m\ in the tensor product ® ■ ■ ■ ® Lr, 



■'rrin 



In Section 2 we consider master functions associated with a Kac-Moody algebra. In 
Section 3 we describe a reproduction procedure which constructs new critical points if a 
critical point is given. This is the first main ingredient of this paper. 

We introduce the notion of the population of critical points originated at a given crit- 
ical point as the set of all critical points which are constructed from a given one by the 
reproduction procedure. Every population consists of critical points of several master 
functions. We develop basic properties of populations and formulate a conjecture that 
every population is isomorphic to the flag variety of the Kac-Moody algebra Langlands 
dual to the initial Kac-Moody algebra. We conjecture that the master functions whose 
critical points enter a given population are labeled by elements of the Weyl group, and 
the part of the population, consisting of critical points of the master function labeled by 
an element w G W, is isomorphic to the Bruhat cell of the flag variety. We conjecture 
that the number of populations originated at critical points of a given master function for 
generic 2:1, ... z„ is given in terms of the representation theory as the multiplicity of a suit- 
able irreducible representation in a suitable tensor product of irreducible representations. 



cf. Theorem 1.1 



In Section 4 we remind some statements from Schubert calculus. 



In Section 5 we collect the results on s/r+i-populations, in particular Theorem is 
proved. In Section 5 we assign to every critical point y a.n r + 1-dimensional space V of 
polynomials in one variable. This is the second main object of the paper. 

We describe the ramification properties of V (in the sense of Schubert calculus) in terms 
of complex numbers 2:1, . . . , weights Ai, . . . , A„, and the integers /i, . . . , associated 
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to the initial master function. We prove that the population originated at y is naturally 
isomorphic to the full flag variety FL{V) of the space V. Knowing ramification properties 
of the spaces V, assigned to critical points of the initial master function, and applying 
Schubert calculus we give an estimate from above on the number of populations originated 
at critical points of the initial master function. 

We show that every r + 1-dimensional vector space of polynomials of one variable 
corresponds to an s/^+i-population of critical points. 

In Section 6 we develop the notion a selfdual vector space of polynomials of one variable. 
We show that a selfdual vector space has a canonical bilinear form ( , ) which is symmetric 
if the dimension of the space is odd and is skew-symmetric if the dimension is even. We 
discuss properties of the variety FL-^iV) C FL(y) of full flags isotropic with respect to 
the canonical bilinear form. 

In Section 7 we study so2Ar+i and sp2N populations. We assign to every critical point 
y of a master function associated with so2n+i a selfdual 2iV-dimensional space of poly- 
nomials V in one variable. We describe the ramification properties of V (in the sense of 
Schubert calculus) in terms of numbers {zg}, weights {A^} and the vector {Ig} associated 
to the initial master function. We prove that the population originated at y is naturally 
isomorphic to the variety FL-^{V) of isotropic flags of the space V. 

We assign to every critical point y of a master function associated with sp2N a selfdual 
2N + 1-dimensional space of polynomials V in one variable. We describe the ramification 
properties of V (in the sense of Schubert calculus) in terms of numbers {zg}, weights 
{As} and the vector {Ig} associated to the initial master function. We prove that the 
population originated at y is naturally isomorphic to the variety FL-^{V) of isotropic 
flags of the space V. 

The notion of a selfdual space of polynomials of one variable and the construction of 
the selfdual space of polynomials, associated to a critical point of the so2Ar+i or sp2N type, 
is the third main object of the paper. 

According to our conjecture there has to exist a Schubert calculus of selfdual 2N- 
dimensional spaces of polynomials where the intersection numbers of Schubert cycles 
would be given in terms of representation theory of so2n+i- Analogously there has to 
exist a Schubert calculus of selfdual 2N + 1-dimensional spaces of polynomials where the 
intersection numbers of Schubert cycles would be given in terms of representation theory 

of SP2N- 



In Section 7 we formulate Theorems and |7.1CI| that every 2A^-dimensional selfdual 
space corresponds to an so2iv+i-population and every 2N + 1-dimensional selfdual space 
corresponds to an sp2iv-population. 

In Section 8 we sketch the theory of populations of germs of holomorphic functions of 
one variable and then prove Theorems 7^ and 7.10| . 
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In the Appendix useful facts about Wronskians are collected. 
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2. Master functions and critical points 

2.1. Kac-Moody algebras. Let A = {aij)lj^i be a generalized Cartan matrix, an = 2, 
aij = if and only aji = 0, Ojj G Z<o if i ^ j. We assume that A is symmetrizable, there 
is a diagonal matrix D = diag{(ii, . . . , dr} with positive integers di such that B = DA is 
symmetric. 

Let Q = q{A) be the corresponding complex Kac-Moody Lie algebra (see Q, §1.2), 
f) C the Cartan subalgebra. The associated scalar product is non-degenerate on f)* and 
dim [) = r + 2d, where d is the dimension of the kernel of the Cartan matrix A. 

Let ttj e [)*, G (), z = 1, . . . , r, be the sets of simple roots, coroots, respectively. We 
have 

{\,a^) = 2{X,ai)/{ai,ai), A G [)*. 

Let T = {A G ()* I (A, a/) G Z}. A weight A G t)* is dominant integral if {A,a^) are 
non- negative integers for all i. 

Fix p G t)* such that {p, a^) = 1, i = 1, . . . , r. We have (p, Oj) = (oj, ai)/2. 
The Weyl group W G End(f)*) is generated by reflections Sj, i = 1, . . . , r, 

Si{\) = \- {\a()a,, A G [)*. 

We use the notation 

w ■ X = w{\ + p) - p, G W, A G f)*, 

for the shifted action of the Weyl group. 

The Kac-Moody algebra g* = g{A^) corresponding to the transposed Cartan matrix A* 
is called Langlands dual to q. 

2.2. The definit ion of master functions and critical points. Let A — (Aj)"—]^, 
A,eT;z = G C", / = {h, Ir) G Zl„ t = {tf,j = 1, . . . , h)Uv We call A^ the 
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weight at a point zf, t^*"* a variable of color i. Define 



4 = 1 1=1 

and A = (Ai, . . . , A„, Aoo). 

The master function $g(^)(t; z; A) is defined by 

*0(A)(*;^;A) = 

r U n r k Ij 



nnnc 



n n (' 



- 1 



(i)\(ai,ai) 



(2.1) 



n nnci 

j=l j=l s=l i=l l<j<s<li ^<i<j<r s=l k=l 

see |^V | . The function $ is a rational function of variables t depending on parameters 
z, A. It is symmetric with respect to permutations of variables of the same color. 

A point t with complex coordinates is called a critical point of the master function $ 
if the following system of algebraic equations is satisfied 

~{As,ai) ^ {as, at) , 



5Z At) 

s=l 



EE 



s, s^i k=l j 



t 



+ E 



t 



(i) 







(2.2) 



where i 



Zs 

r, j = 1, . . . Ji. In other words, a point t is a critical point if 

1 9$ 



dt 



(0 



t] 



0, 



^,---,r, j = l,...k. 



The product of symmetric groups Si = Si-^ x ■ ■ ■ x Si^ acts on the critical set of the 
master function permuting the coordinates of the same color. All orbits have the same 
cardinahty hi ■ ■ - IJ ■ 

In the Bethe Ansatz method applied to the Gaudin models |0| the system of equations 
(|2.2| ) is called the Bethe Ansatz equations. On relations of critical points to the Bethe 
Ansatz method of the Gaudin models see ||RV|] . See also ||Fa|, |Skl|, [Sk2|, IFF^, [1VLV| . 



2.3. The case of isolated critical points. In this section we give a sufficient condition 
for the set of critical points to be finite and state a conjecture about its cardinality. 
We say that the set of weights A is separating if 

r r 
(2Aoo + 2p + ^QCti, ^QOi) ^0, 

i=l i=l 

for all sets of integers (cj)[^^ such that < Cj < It, Cj 7^ 0. 

For example, if the scalar product is non-negative on the root lattice and A^o is dominant 
integral, then A is separating. 

The following lemma is a generalization of Theorem 6 in ||ScV|| . 



Lemma 2.1. If A is separating, then the set of critical points is finite. 
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Proof. (Cf. proof of Theorem 6 in ||ScV|| .) If the algebraic set of critical points is infinite, 
then it is unbounded. Suppose we have a sequence of critical points which is unbounded. 
Without loss of generality, we assume that tj*^ tends to infinity for i = l,...,r, j = 
1, . . . , Q, and remains bounded for all other values of 

Take the equation ( p.2| ) corresponding to a variable t^j^ and multiply it by tj'\ Then 
add the resulting equations corresponding to i = 1, . . . , r, j = 1, . . . , q, and pass to the 
limit along our sequence of critical points. Then the resulting equation is 

r r 

(2Aoo + 2p + ^Qftj, ^QOi) = . 

i=l i=l 

This equation contradicts to our assumption. □ 

Conjecture 2.2. If all components of A are dominant integral weights, then for generic 
Zi, . . . ,Zn the number of Si-orbits of critical points of the master function z; A) is 
equal to the multiplicity of the irreducible Q{A)-module with highest weight K^o in the tensor 
product of irreducible Q{A)-modules with highest weights Aj, i = 1, . . . ,n. Moreover, all 
critical points are non-degenerate. 

Conjecture is proved in ||ScV| ] for g = sl2- In this paper we prove for q = sin that 
the number of S'j-orbits of critical points is not greater than the above multiplicity, thus 
relating the number of critical orbits and multiplicities of irreducible representations in 
tensor products. 

Conjecture ^]2| is related to the conjecture on completeness of the Bethe Ansatz for 



Gaudin models, see ||RV|| . In a Gaudin model to every orbit of critical points one assigns 
an eigenvector in the space of states of a family of commuting linear operators called 
Hamiltonians. The Bethe Ansatz conjecture predicts that the constructed eigenvectors 
span a basis in the space of states. The dimension of the space of states is equal to the 
above multiplicity. Therefore, if the Bethe Ansatz conjecture were true, then the number 
of orbits of critical points would be not less than the above multiplicity. The Bethe Ansatz 
conjecture is proved in ||RV|| for = 5/2- 



2.4. On limits of critical points. In this section we formulate auxiliary results which 
we use later. 

It is useful to consider functions more general than master functions, 

n I 

s=l i=l i<i<j<l 

For j > i, set Uj^i = Vi j. Say that t = {ti, . . . ,ti) is a critical point of $, if 



S = l J, J^l -I 



for 2 = 1, . . . , /. 
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For any subset / C {1, . . . , /}, denote / = {1, ...,/} — / its complement. Say that the 
pair n, V is separating, if 

n 

for any non-empty subset / C {1,...,/}. 

Lemma 2.3. // the pair /j,, v is separating, then the set of critical points of^ is finite. □ 

Assume that = (ti,fe, • • • , ti,^)) k = ^,'2, . . . , is a sequence of critical points of $. 
Assume that for every i, the sequence {ti k} has a limit, finite or infinite, as k tends to 
infinity. We show that, if we ignore the coordinates whose limit belong to {zi, Zn, oo}, 
then the limits of the remaining coordinates form a critical point of a suitable function $ 
defined below. 

For w e C U oo, denote I{w) the subset of {1,...,/} consisting of all i such that 
limfc^oo^i,A: = w. Let ti,oo, • • -^[,00 t>e all pairwise distinct limiting points lying in C — 

{zi,...,Zn}. 

Define numbers /ij,^, i — 1, . . .1, s = 1, . . . , n, by 
Define numbers J € {1, ...,/}, z 7^ J, by 

*e/(«);,oo) jG/(«)j,oo) 

Define a function 

n I 

s=i «=i i<i<5<i 

Lemma 2.4. The point (^1,00, ■ ■ ■ , 00) ^ critical point of the function □ 

Lemma 2.5. Assume that the pair /Lt° = {/ii,s; i G {1, ...,/} — /(oo), s = 1, . . . , n} ano? 
f° = {z^ij, i,j e {!,...,/} — /(oo), i 7^ j} is separating. Then the pair jx — i — 

1. . . . , Z, s = 1, . . . , n} ano? = {^'jj, J £ {1; ■ ■ ■ ; ^ 7^ separating. □ 

3. Populations of critical points 

3.1. Remarks on Fuchsian equations. Consider a differential equation for a function 

u^^^ + piM^"-^) + ... + pkU = , (3.1) 

where Pi = Pi{x) are rational functions. A point 2; e C is called an ordinary point if all 
Pi{x) are holomorphic at z. A non-ordinary point is called singular. 
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A singular point 2; G C is called regular if the order of the pole of pi at z is at most i. 

Equation has an ordinary (resp., singular, regular singular) point at infinity if 

after the change of variable x = the point ^ = is ordinary (resp., singular, regular 
singular) . 

A differential equation with only regular singular points is called Fuchsian. 
Let fi,...,fk be linearly independent polynomials. There is a unique (up to multipli- 
cation by a function) linear differential equation of order k with solutions fi, . . . , fk, 

Wiu,h,...,h) /Wih,...,h) = 0, 

where 

W{g„...,g,) = <M{gt%=, 

is the Wronskian of functions gi, . . . , gs- This equation is Fuchsian. 

Consider a Fuchsian equation ( |3.1D and write in a neighborhood of a point z G C 

00 

Pi = ^ Pis {x - zy~\ i = l,...,k. 

s=0 

If a function 

00 

u = (x-z)^ (1 + (x-zY) 

s=l 

is a solution of equation ( p.l|) , then A is a root of the indicial equation at the point z 

A(A-1)...(A-A; + 1) + pioA(A-l)...(A-/c + 2) + . . . + = 0. 

The roots of the indicial equation at a point z are called exponents at z of the Fuchsian 
equation. If V is the space of solutions of the Fuchsian equation, then the roots of the 
indicial equation are called the exponents of V at z. 

3.2. Polynomials representing critical points. Let t = (t^f) be a critical point of a 
master function $ = $(t; z; A). Introduce polynomials y = {yi{x), . . . , yr{x)), 

k 

y,{x) = W{x-tf). 
i=i 

The r-tuple y determines the Sj-orbit of the critical point t. We say that the r-tuple of 
polynomials y represents a critical point of the master function $. Usually we do not 
distinguish between the critical points of the same S'j-orbit and identify a critical point 
with the r-tuple of polynomials y representing the point. 

We consider the r-tuple y up to multiplication of each coordinate by a non-zero number, 
since we are interested only in the roots of polynomials yi, . . . ,yr- Thus the r-tuple defines 
a point in the direct product P{C[x]Y of r copies of the projective space associated with 
the vector space of polynomials of x. 
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Introduce polynomials 

n 

T,{x) = l[{x-z,Y'^-^^\ t = l,...,r. (3.2) 



s=l 



We say that a given r-tuple of polynomials y G P(C[a:])'' is generic with respect to 
integral dominant weights Ai, . . . , A„ of the Kac-Moody algebra q{A) and points zi, . . . Zn 
if 

• each polynomial yi{x) has no multiple roots; 

• all roots of yi{x) are different from roots of the polynomial Tf, 

• any two polynomials yi{x), yj{x) have no common roots if i ^ j and aij ^ 0. 

If y represents a critical point of $, then y is generic. 

Now we reformulate the property of y to represent a critical point. 

Write /' = df /dx and ln'(/) = /'//. Let polynomials Ft, Gi, i = 1, . . . ,r, he given by 



n 



Lemma 3.1. A generic r-tuple y represents a critical point if and only if for every 
i = l,...,r the polynomial Fi y" — Gi y[ is divisible by the polynomial yi. In other 
words, a generic r-tuple y represents a critical point if and only if for every i = 1, . . . ,r 
there exists a polynomial Hi, such that deg Hi < deg Fi — 2, and the polynomial yi is a 
solution of the differential equation 

Fi u" - Gi u' + Hi u = . (3.3) 

Proof. The lemma is a direct corollary of a classical result of Heine-Stieltjes, see [0, 
Section 6.8. We sketch the proof. 

Assume that there exist such polynomials Hi, . . . , H.,.. Substitute x = t^j^ into Fi y" — 

Giy'i + Hiyi = 0. We get y"{tf)/y'^) = Gi{tf)/Fi{tf). This is exactly equation 
( p.2| ) multiplied by 2/ (a^, ««), since for / = Y\g{x — a^) we have 

k, kfs 

This means that the roots of polynomials yi, . . . ,yr form a critical point. This argument 
is reversible. □ 

Let y represent a critical point. Then equation ( |0| ) is Fuchsian. The singular points 
and exponents of that equation are 

x = Zs: {0, (A„0 + 1}, 

x = tf\k^t: {0,-(afc,«y) + l}, 

x = oo: {-li, - J2s{^s, Qi) + Efc, k^i hi^k, O - 1}. 
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Lemma 3.2. Let y be generic and let (Ag, o^) he non-negative integers for some i and all 
s = 1, . . . ,n. Then Fi y" — Gi y[ is divisible by yi if and only if there exists a polynomial 
yi{x) such that the Wronskian W{yi,yi) is given by 

Wiy.,y.^ = II . (3.4) 

Proof. If Hi = {Fi y'l — Gi y'ijjyi is a polynomial, then by |^cV|| , Lemma 7, all solutions 
of Fi u" — Giu' + Hi u = are polynomials. Then iji is any second linearly independent 
solution multiplied by a suitable constant. This proves the "only if" part of the lemma. 

Let a polynomial fji exist. The polynomial yi is a solution of the equation W{u, yi, yi) = 
0. After multiplying this equation by Fi/W{yi, yi) we get Fiu" — Giu' + HiU = 0, where 

^ yj y'l - y'l y\ ^ \A'^{y.,y,)) y[- yl 

Hi\x) = ti — — — = ti . 

W{yi,yi) yi 

It is clear that Fi\Yi!{W{yi,yi)) is a polynomial. Therefore, poles of Hi are common zeros 
of yi and W{iii,yi). Equation ( |3.4D implies that the polynomials yi and W{yi,yi) do not 
have common zeros since y is assumed to be generic. Therefore Hi is a polynomial. □ 

Corollary 3.3. Let the weights Ai, . . . , A„ be dominant integral. Then a generic r-tuple 
y represents a critical point if and only if for every i = 1, . . . ,r there is a polynomial fji 
satisfying 

Lemma 3.4. Let yi,...,yr, Ti be given and let yi satisfy equation ( \3.^ . Then, up to 
multiplication by a non-zero number, the function yi has the form 

Ti{x) Yl.yJ^"""''^ + '^2 Viix) , (3.5) 
i=i 

where Ci,C2 are complex numbers. □ 

Notice that formula ( p.5|) gives all solutions of the differential equation 

Fi u" - G, u' + Hi u = . 

Lemma shows that the r-tuples 

= (yi,...,y„...,2/,) e PiC[x])^ , (3.6) 

where yi is given by (|3.5|) , form a one-parameter family. The parameter space of the 
family is identified with the projective line with projective coordinates (ci : C2). We 
have a map 

Yy, : ^ P(C[x])^ , (3.7) 
which sends a point c = (ci : C2) to the corresponding r-tuple y^^\ 

Lemma 3.5. // y is generic, then almost all r-tuples j/*^*^ are generic. The exceptions 
form a finite set in . □ 
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3.3. Fertile r-tuples. Let Ai, . . . , A„ be dominant integral weights, zi, . . . ,Zn complex 
numbers. Let y = (j/i, . . . , y^) G P{C[x]Y and let k be the degree of the polynomial yt. 
The weight 

n r 

Aqo = As - /j 

s=l i=l 

is called the weight at infinity of the r-tuple y with respect to Ai, . . . , A^ and ^i, . . . , 

An r-tuple y is called fertile with respect to dominant integral weights Ai, . . . , A„ and 
complex numbers ^i, . . . , if for every i there exists a polynomial satisfying equation 
(|3.4|) . If 2/ is fertile, then the r-tuples t/*^*^ given by (|3.6|) are called immediate descendants 
of y in the i-th direction. 

A generic r-tuple y represents a critical point of a master function associated to domi- 
nant integral weights Ai, . . . , A„ and points zi, . . . , z„ if and only if it is fertile, see Corol- 

Lemma 3.6. Assume that a sequence yj^, k = 1,2, . . . , of fertile r-tuples of polynomials 
has a limit y^ in P(C[x])'' as k tends to infinity. 

• Then the limiting r-tuple y^ is fertile. 

• Let i G {1, . . . , r}. Let be an immediate descendant ofy^ in the i-th direction. 
Then for any k, there exists an immediate descendant y'^^ of y,^ such that y^ is 
the limit of yf* as k tends to infinity. 

Proof. Let yf. = {yk,i, ■ ■ ■ ,yk,r)- For every k, including k = oo, consider the differential 
equation 

Fk,^ u" - Gk,i u' + Hk,i M = 0, (3.8) 

where F^^j, Gk^i are as in (^) with y^ replaced by y^j and Hj^i = {Gk,iy'k,i- Fk^iy'li) /yu^i. 
For every fc < oo, all solutions of that equation are polynomials, and the polynomial yu^i 
is one of solutions. 

The lemma would follow if we proved that all solutions of equation (|3.8|) for /c = oo 
were polynomials. 

Since the sequence of y^. has a limit, there is a point 2; G C, such that x = 2; is an 
ordinary point of equation (|3.8|) for all k. Fix a, 6 G C, and let yk,i be the solution of ( |3.8| ) 
with the initial condition yk,i{z) = a, y'^iiz) = b. 

By the standard theorem on continuous dependence of solutions on the coefficients of 
the equation, the function yoo,i is the limit of functions yk,i as k tends to infinity. 

The function yoo,i is univalued and regular, since yk^i is a polynomial for every finite k. 
Hence the function yoo,i is a polynomial. Thus all solutions of equation ( p.8| ) for k = 00 
are polynomials. This implies the lemma. □ 

Let y represent a critical point of a master function z; A, Aoo). Let y^^'' = (yi, . . . , 
yt, . . . ,yr), be an immediate descendant of y and let A^^ be its weight at infinity with 
respect to Ai, . . . , A„ and zi, . . . , Zn- 
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The following observation is crucial in this paper. 

Theorem 3.7. //?/'•*■' is generic, theny^'^^ represents a critical point of the master function 
<l>(t;2;A,AS). 

Proof. Denote i^s^ the roots of jji. For any j, such that j i and aij ^ 0, choose a root 
of the polynomial yj. We have W{yi,yi){t\^'') = by ). Hence 



XI Aj) _ Ai) Ai) _ p) 

s s ''■5 

This implies that the roots of y*-*-* satisfy the equation of system ( p.2|) corresponding to 
the coordinate t^[^ . 

The roots of y'^^^ satisfy the equations of system ( |2.2| ) corresponding to coordinates tf' 
according to Lemma RT^. □ 



Thus, starting with an r-tuple y representing a critical point of a master function 
$(t;2;A, Aoo) and an index % G {l,...,r}, we construct in (|3.7| ) a family Yyi : 
P(C[x])'' of fertile r-tuples. For almost all c G P (with only finitely many exceptions), 
the r-tuple Yy i[c) represents a critical point of a master function associated with integral 
dominant weights Ai, . . . , A„ and points 2:1, . . . , z„. 

We call this construction the simple reproduction procedure in the i-th direction. 

3.4. General reproduction procedure. Assume that the weights Ai, . . . , A„ are domi- 
nant integral and an r-tuple y^ G P{C[x]Y represents a critical point of a master function 
^(t;^; A,Aoo). 

Let i = {ii,ir, . . . ,ik), 1 < «j < r, be a sequence of natural numbers. We define a 
fc-parameter family of fertile r-tuples 

by induction on k, starting at y^ and successively applying the simple reproduction pro- 
cedure in directions ^l, . . . , ik- 

More precisely, for = 1, it is the family YyO : P^ P{C[x]Y defined by (|3.7|) . If 
A; > 1, i' = (zi, Z2, . . . , Zfc-i), c = {c\ . . . , c^) G (P^)^ and c' = {c\ . . . , c^^-^) G (P')^-\ 
then we set 

YyO,iic) = YY^, .,ia'),^,ic'') . 

The image -PyO ^ C P{C[x]Y of the map Yya ^ is called the population in the direction of 
i originated at y^. The set Pyf\i is an irreducible algebraic variety. 

It is easy to see that if i' = {i[, z^, • • • , i'^'), 1 < ^j- < r, is a sequence of natural numbers, 
and the sequence i' is contained in the sequence i as an ordered subset, then PyO i' is a 
subset of PyO j. 

The union 

PyO = Ui PyO^i C PiC[x]y , 
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where the summation is over all sequences i, is called the population of critical points asso- 
ciated with the Kac-Moody algebra q, weights Ai, . . . , A„, points zi, . . . , Zn, and originated 
at 

Lemma 3.8. For a given i = {ii, . . . ,ik) , almost all r-tuples YyO i[c) represent critical 
points of master functions associated to weights Ai, . . . , A„, and points zi, . . . ,Zn- Excep- 
tional values of c E {P'^)'' are contained in a proper algebraic subset. □ 

Lemma 3.9. // two populations intersect, then they coincide. □ 

3.5. Populations and flag varieties. 

Example. Consider the population of critical points associated to g = s/3 and n = 
and originated at = (1, 1). The pair (1, 1) represents the critical point of the function 
with no variables. This population consists of pairs of non-zero polynomials y = (1/1,1/2), 
where 

yi = a2,i + ai,i X + ao,i , i = 1,2 , (3.9) 

and 

0-1,1 oi,2 = 2 ao,i (32,2 + 2 02,1 0,0,2 • 

For any pair y = (7/1,1/2)5 if l/i)2/2 do not have multiple roots and do not have common 
roots, then the roots of the polynomials yi, y2 form a critical point of the function 

l<i<j<h ^<i<j<h «=1 i=l 

where h = deg yi and I2 = deg 7/2. 

In this case equations (|3.4| ) take the form 

Wiy^yi) = y2 , W{y2,y2) = Vi , (3.10) 

and the reproduction procedure works as follows. We start with y^ = (1,1). Equations 
(P.10|) have the form W{1, yi) = 1, W{1, ^2) = 1- Using, the first of them, we get pairs 
y = {x-\-a, 1) for all numbers a. Equations ( |3.1CI| ) now are W{x-\-a, yi) = 1, W{1, ^2) = 
X + a. Using the second equation we get pairs y = (x + a, x^/2 + ax + 6) for all a, b. 
Equations ( |3.10| ) take the form W{x-\-a, yi) = x^/2 + ax+6, H^(x^/2 + ax + 6, ^2) = x+a. 
Using the first of them we get y = (x^/2 + cx + ac — 6, x^/2 + ax + 6) for all a, b, c. 

If we started the procedure using equation W{1, ^2) = 1, then the constructed pairs 
would have been of the form y = {1, x -\- a), y = (x^/2 + ax + 6, x -\- a), y = (x^/2 + 
ax + b, x^/2 + cx + ac — b). 

It is easy to see that the union of all those pairs is our population, and nothing else 
can be constructed starting from y^ = (1, 1). 

It is easy to see that the family of pairs (|3.9| ) (where each pair is considered up to 
multiplication of its coordinates by non-zero numbers) is isomorphic as an algebraic variety 
to the variety of all full flags in the three dimensional vector space V of the first coordinates 
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of the pairs. Namely, yi generates a line in V and y2 defines a plane in V containing the 
line generated by yi. 

Conjecture 3.10. Every population, associated to a Kac-Moody algebra g, dominant 
integral weights Ai,...,A„, points zi,...,Zn, is a (pro-) algebraic variety isomorphic to 
the full flag variety associated to the Kac-Moody algebra which is Langlands dual to 
Q. Moreover, the parts of the family corresponding to r-tuples of polynomials with fixed 
degrees are isomorphic to Bruhat cells of the flag variety. 

In the example above the possible degrees of polynomials yi,y2 are (0,0), (1,0), (0,1), 
(1,2), (2,1), (2,2). The corresponding parts of the family are isomorphic to open Bruhat 
cells of dimensions 0, 1, 1, 2, 2, 3, respectively. 

In this paper we prove this conjecture for the Lie algebras with root systems of types 
An, Bn, Cn- 

3.6. Degrees of polynomials in a population and the Weyl group. Let Ai, . . . , A„ 

be dominant integral weights, zi, . . . ,Zn complex numbers. Let an r-tuple y he a member 
of a population P associated to dominant integral weights Ai, . . . , A„ and points zi, . . . ,Zn. 
The r-tuple y is fertile by Lemma Let an r-tuple j/*^*^ = {yi, . . . ,yi, . . . ,yr) be an 
immediate descendant of y. Let A^^ be the weight at infinity of y^^\ 

Lemma 3.11. // the degree of yi is not equal to the degree of y^, then 

A(*) = S--A 

where Sj- is the shifted action of the i-th generating reflection of the Weyl group. 
Proof. Formula ( |3.4|) implies 

k + h - 1 = deg W{yi,yi) = ( ^ A, - ^ Ija,, at ) . 

Therefore 

{k - k) at = ( X] - X] + ct'i) «i 

s j 

= Aoo + p - Sj ( Aoo + p ) = Aoo - Si ■ A 



oo 



□ 

Theorem 3.12. Let Ai, . . . , A„ be dominant integral weights. Let y^ be a critical point 
of a master function $(t; z; A, Aqo)- Let P be the population of critical points associated 
to weights Ai, . . . , A„, points zi, . . . ,Zn, and originated at y^ . Then 

• For any r-tuple y E P, there is an element w of the Weyl group W, such that the 
weight at infinity of y is w ■ A^q. 

• For any element w G W, there is an r-tuple y E P whose weight at infinity is 

W ■ Aoo- 

□ 
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Corollary 3.13. If the Weyl group is finite, then every population is a finite dimensional 
algebraic variety. 

More generally, for a non- negative integer d, let Cd[x] C C[x] be the vector subspace of 
polynomials of degree not greater than d. 

Corollary 3.14. For every d and every population P , associated to a Kac-Moody algebra, 
dominant integral weights Ai, . . . , A„, points zi, . . . , Zn, the intersection P fl P{€,d[x\Y is 
an algebraic variety. 



Theorem |3.12| gives some sufficient conditions for a master function not to have critical 
points. 

Corollary 3.15. Let $ be the master function associated to dominant integral weights 
Ai, . . . , A„ and a weight at infinity Aqo- Assume that there is an element w of the Weyl 
group such that Yl^=i-^s — w ■ Aqo does not belong to the cone Z>oai © . . . ® Z>oar- 
Then the master function $ does not have critical points. 

Corollary 3.16. Let $ be the master function associated to dominant integral weights 
Ai, . . . , A.„ and a weight at infinity Aqo- Assume that Aqo belongs to one of the reflection 
hyperplanes of the shifted action of the Weyl group. Then the master function $ does not 
have critical points. 

The next corollary says that under certain conditions on weights there is only one 
population of critical points. 

Namely, the r-tuple (1, . . . , 1) G P{C[x]Y is the unique r-tuple of non-zero polynomials 
of degree 0. The weight at infinity of (1, . . . , 1) is Aoo,(i,...,i) = ^"=i A^. Let 0(i_...,i) be 
the orbit of the weight Aoo,(i,...,i) with respect to the shifted action of the Weyl group. Let 
be the population associated to dominant integral weights Ai,...,A„, complex 
numbers zi, . . . ,Zn, and originated at (1, . . . , 1). 

Corollary 3.17. Let A, Aqo) be a master function such that A^o G If the 

master function has critical points, then they belong to the population 

3.7. Finiteness of the number of populations. 

Theorem 3.18. Let ^{t; z; A, Aqo) be the master function associated to dominant integral 
weights Ai, . . . A„, a weight at infinity A^o, complex numbers zi, . . . ,Zn- Then the number 
of populations originated at critical points of the function $ is finite, if the orbit of A^o 
with respect to the shifted action of the Weyl group contains a weight w ■ Aqo such that the 
set A, w ■ Aoo is separating. 



The theorem is a direct corollary of Lemmas p.3| - 



4. Vector Spaces of Polynomials and Schubert Cells 



In this section we remind known facts about Schubert calculus. 
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Let V be a complex vector space of dimension d+l and 

:r = {0 C Fi C F2 C • • • C F<i+i = V}, dimF, = i, 

a full flag in V. Let Gr{N + 1,V) be the Grassmannian of all + 1 dimensional subspaces 
in V. 

Let a = (fli, . . . , aAT+i), d — N > ai > a2 > o-n+i > 0, be a non-increasing 

sequence of non-negative integers. Define the Schubert cell Go(3^) assocaiated to the flag 
H and sequence a as the set 

{VeGr{N+l,V) I dun{VnF,_^+,_,J=t, 

dim{V n Fd-N+i-a,-i) =i-l, ioTZ = l,...,N + l}. 

The closure Gai"^) of the Schubert cell is called the Schubert cycle. For a fixed flag F, 
the Schubert cells form a cell decomposition of the Grassmannian. The codimcnsion 
of G^{3^{z)) in the Grassmannian is |a| = ai -|- • • • -|- gn+i- The cell corresponding to 
a = (0, . . . , 0) is open in the Grassmannian. 

Let V — Cd[x] be the space of polynomials of degree not greader than d, dim V — d + l. 
For any z e C U 00, define a full flag in Cd[x], 

3^{z) = {0 C F,(z) C F2(z) C • • • C Fa+i(z)} . 

For 2; e C and any i, let Fi{z) be the subspace of all polynomials divisible by {x — zY^^'^ 
For any i, let Fj(cxo) be the subspace of all polynomials of degree less than i. 

Thus, for any sequence a and any 2; G C U cxd, we have a Schubert cell G^{3^{z)) in the 
Grassmanian Gr{N + l,Cd[x]) of all N + 1-dimensional subspaces of C(i[x]. 

Let V e Gr{N + 1, C^fa;]). For any ;2 e C U 00, let a{z) be such a unique sequence that 
V belongs to the cell G^^^^-^{3^{z)). We say that a point z e C U 00 is a ramification point 
for V, if a{z) ^ (0,...,0). 

This standard terminology is motivated by the fact that each V e Gr{N + l,Cd[x]) 
defines a rational map . 

Lemma 4.1. For a basis Ui, . . . , i^at+i in V , let 

n 

W{ui,...,un+i) = c W{x - z,)"^^ , c^O, 

s=l 

be the Wronskian. Then 

• The ramification points for V are the points Zi, . . . ,Zn and possibly 00. 

• We have \a{zs)\ = ms for every s. 

• We have |a(oo)| = {N + l){d- N) -YJs=i^s- 

□ 
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Corollary 4.2. (Pliicker formula) 
We have 



^\a{zs)\ + |a(oo)| = dim Gr{N + l,Cd[x]) . (4.1^ 



s=l 



A point z ^ C is called a base point for V if u{z) = for every u ^ V. 

Assume that ramification conditions are fixed at zi, . . . , 2;„, oo so that ( [4.1|) is satisfied. 

Enumerating Problem. What is the number of V with those ramification properties? 



By the Brill- Noether Theorem in ||EH|| , the number of such V is always finite. The 
estimate from above is given by the Schubert calculus. The intersection of Schubert 
cycles is a union of Schubert cycles, 

c 

where the cycles are considered up to algebraic equivalence [[Fu|. The structure constants 



of this multiplication are determined by the Littlewood-Richardson rule, which has a 
representation theoretic sense. 

Namely, for a non-increasing sequence a = (oi, . . . , a^+i), cti > 02 > . . . , > ctAr+i > 0, 
of non- negative integers, denote La the finite dimensional irreducible (?/Ar+i-module with 
highest weight a. The tensor product of irreducible modules is a direct sum of irreducible 
modules. 

La ^ Lb = J2 ^<^'b,c ■ (4.3) 

c 

If a, b, c are such that ai, 61, Ci are not greater than d — N, then 

Na,b,c = Na,b,c , 

see [0. 

Any ^f/AT+i-module L has a natural structure of an s/Ar+i-module denoted L. 

The Littlewood-Richardson rule and the above remarks imply the following corollary. 

Corollary 4.3. The number ofV& Gr{N + l,Cd[x]) with prescribed ramification condi- 
tions at Zi, . . . ,Zn, such that { \4 . 1\) is satisfied, is not greater than the multiplicity of the 
trivial sl^^i-module in the tensor product of slj^^i-modules 

Conjecturally, for almost all zi, . . . Zn the number of such V is equal to the above 
multiplicity. For N = 1 the statement of this conjecture is one of corollaries of the main 
result in |[ScV| . 
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5. The case of the Lie algebra sIn+i 

In this section we study populations of critical points associated with sIn+i- Let ai, i = 

1.. ..,N, be simple roots of sl^^i. We have {at, at) = 2 and {ai,ai±i) = —1 with all 
other scalar products equal to zero. 

5.1. Reproduction procedure for q = s/2 and associated differential operators. 

Let As, s = 1, . . . ,n, he dominant integral s/2-weights. Let zi, . . . ,Zn G C, / G Z>o, and 

^00 = Y.s-^s- la- 
Let a polynomial y represent a critical point of the master function z; A, Aqo). 
For = 5/2, system ( p.4| ) is a single equation W{y, y) = T, where T = Ylsi^ ~ Zs)^^'"°'\ 
Let ^ be a solution of this equation. Let V be the complex two-dimensional vector 

space of polynomials spanned by y and y. The vector space V is the space of solutions of 

the differential equation 

F u" ~ G u' + H u = , 

where 

n 

F{x) = \[{x - Zs), G{x) = F{x) ln'(T(x)), H{x) = {G{x)y'{x) - F{x)y"{x))/y{x). 

s=l 

Lemma 5.1. The projective line P{V) is the population of critical points associated with 
SI2, dominant integral weights Ai, . . . , A„, points 21, ... , Zn, and originated at y. Almost 
all points of the line represent critical points. The exceptions form a finite subset of the 
line. □ 

For any integer /c > 1 it is useful to introduce a linear differential operator of order 
k + 1 whose kernel is spanned by polynomials y^y''~\ i = 0, . . . , k. Namely, for any g E V, 
set 

Dk{g) = {d + kln g-kln'T)) ... {d+{-k + 2)ln g-ln'T) {d~kln' g) 

^ k 

= Yl {d+{k-2i)\n g + {i-k)\nT) . 

i 

Lemma 5.2. The operator Dk{g) does not depend on the choice of a non-zero element 
g E V, and the kernel of Dk{g) is spanned by polynomials y^y^~\ i = 0, . . . , k. 

Proof. Let g,ghe a. basis in V. By induction on i, we prove that the kernel of the product 
of i right linear factors in Dk{g) is spanned by functions g'^,g^~^g, • • • , g^^^^^g^^^ . 

For i = 1 the statement is clear. Suppose that the statement is proved for i < iQ. Then 
the kernel of the product of iq right factors is an zg-dimensional space which contains g'^, 
g^~^g, . . . , (y(*^~*o+2^*o~2. Note that the expansion of the product of io right factors starts 
with 

9'" - {io{k-io + l)\n'y + ^0(^0 - l)/2 In' T) 9^°^^ + ... . 
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Therefore it is enough to show that 

for some non-zero constant c. This readily follows from Lemmas p.2| and |9.3|. □ 



5.2. The differential operator associated to an s/Ar+i-population. Let As,s = 
l,...,r;,, be dominant integral s/jv+i- weights. Let Zi,...,Zn G C. Let /j G Z>o, ^ = 
l,...,iV, and Aoo = X]s=i ~ Ylii=i^i^i- Let the polynomials Tj, i = 1,...,A^, be 



defined by (gj). 

Let 7/ = {yi, . . . .un) be an A^-tuple of non-zero polynomials. We adopt the notation 
Ho = Un+i = 1- For any y, define a linear differential operator of order + 1 with 
meromorphic coefficients 

D{y) = {d- ln'(l£kZ^)) (9 - In' {y^LH^lll)) . . . - ln'(^)) {d - \n'{y,)) 

Vn Vn-i Vi 

= n ( 9 - In' ( ^^+^-11^=1 ) ) . (5.1) 
Notice that the first coordinate yi of the A^-tuple belongs to the kernel of the operator 

Diy)- 

Theorem 5.3. Let P be an slN^i-population of critical points associated with weights 
Ai, . . . ,An, points Zi, . . . ,Zn, and originated at some N -tuple . Then the differential 
operator D{y) does not depend on the choice of y in P. 

This differential operator is called associated with the population and is denoted Dp. 

Proof. First we prove that if y = . . . , yjv) and y = {yi,...,])^) are members of 
the population which represent critical points, then D{y) = D{y). To show that 
statement, it is sufficient to consider the case, when y and y differ only in one coordinate. 
Namely, we assume that there is an index i such that yj = fjj, for all j, j i, and 
^{Viyyi) = Ti yi_i yi+i. In this case, all linear factors of D{y) and D{y) are the same 
except the two linear factors which involve yi or yi. So to prove that D{y) = D{y) we 
have to show that for any function u{x) we have 

(a _ in'(^!±liE^)) [d - In'(^^Jt^)) u = 

y-i Vi-i 

(5 _ in'(^!±liIkiZ£)) (5 _ in'(^LitiZ£)) u. 

Vi Vi-i 

After the change of variables v = u (111=1 ^s) / Vi-ii have to prove that 

(5 _ in'(^!±i^)) (a - ln'(y,)) V = {d - ln'(^^±l?^)) {d - ln'(y,)) v . 

Vi Vi 

This identity follows from the s/2 case, see Lemma p.2| with k = 1. 
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The A^-tuples y, which represent critical points, form a dense subset in the population. 
The operator D{y) continuously depends on y and is constant on a dense subset of the 
population. Hence it is constant on the whole population. □ 

Corollary 5.4. Let y he a member of an slN^i-population P. Then the first coordinate 
Ui of y lies in the kernel of the operator Dp. 

5.3. Equation Dpu = is Puchsian. In this section we show that all solutions of 
equation 

Dpu = (5.2) 

are polynomials, and hence the equation is Fuchsian. 

Let y he a member of the population P. Assume that y represents a critical point. 
System ( ^.41 ) for g = s/at+i takes the form 

W{yi,yi) = Tiyi_iyi+i, i = l,...,N. (5.3) 

We start with a construction of polynomials Ui, . . . ,un+i, satisfying equation (|5.2|) . 

Set Ui = yi- The polynomial Ui is a solution of (|5.2|) by Theorem 

Let U2 be a polynomial such that W{ui,U2) = Ti?/2- Such a polynomial exists by 



Lemma |3.2| . The polynomial U2 is a solution of ( |5.2| ) by Theorem 

Let y2 be a polynomial such that W{y2, ^2) = ^22/il/3- Such a polynomial exists by 
Lemma |3]^ and can be chosen so that {yi, y2, . . . , yN) is generic and therefore represents 



a critical point, see Lemma [Sn] . Choose a polynomial U3 to satisfy equation W{u3,yi) = 
Tiy2- The polynomial M3 is a solution of ( |5.2| ) by Theorem [57^ . 

In general, to construct a polynomial Wj+i we find y^ = {yi, . . . ,yi, . . . , y^), such that 
y^ is generic and W{yi,yi) = Tiyi^iyi^i and then repeat the construction for Ui using y^ 
instead of y. 

Let V be the complex vector space spanned by Mi, . . . , u^+i. We show below that the 
space V is the kernel of the operator Dp. Thus the space V does not depend on the choice 
of y E P. We call the space the fundamental space of the population P and denote Vp. 

Lemma 5.5. For i = 1, . . . , N + 1, we have 

W{uu...,Ui) = y.Tt'Tt^ ... T,_i . 

Proof. We proceed by induction on i. The case i = 1 is trivial. Suppose the statement is 
proved for i = 1, . . . ,io — 1. By induction hypothesis, 

io-2 io-2 

w{wiu,,...,u,,.,),w{u,,...,u,,.2,u,,)) = i^(y,„_i n n ^'"'^') 

s=l s=l 

io—2 io—2 

= (11 rr'-r H^(i/.o-i,^.o-i) = (H rr'-r y^o-2 ^.0-1 • 

s=l s=l 



On the other hand, by Lemma |9.5| we have 

W{W{Ui, Mio-l), W{Ui, Mio_2, Mio)) = W{Ui, Ui,,) W{Ui, Ui^_2) ■ 
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That implies the lemma. □ 
Lemma 5.6. The space V is the kernel of the operator Dp. 

Proof. The polynomials ui, . . . , un+i are hnearly independent solutions of equation (|5.2|) . 

□ 

5.4. Singular points and exponents of the equation Dpu = 0. Choose a basis 
Ml, ... , un+1 in Vp as in Section 



Lemma 5.7. Singular points of Dpu = lie in {zi, . . . ,Zn, oo}. 



Proof. The operator ^^(mi, . . . , -u^v+i) -Dp has polynomial coefficients. By Lemma 5.5 



zeros of W{ui, . . . , mat+i) lie in {zi, . . . , Zn}. □ 
Lemma 5.8. For s = 1, . . . ,n, the exponents of Dpu = at Zg are 

0, (As + P, Oil), (As + P, «! + 02), • • • , (As + P, "1 H hOAr) . 

Proof. For i = 1, . . . , + 1, let be the space spanned by Ui, . . . ,Ui. Let Di be a 
linear differential operator of order i whose kernel is V^. Such an operator is unique up to 
multiplication by a function. In particular, we have Vat+i = Vp and -Dat+i = Dp. 
We prove by induction on i, that the exponents of Di at Zg are 

0, (As + p, ai), {As + p, ai + 02), . . . , (As + p, ai H h . 

For i = 1 we have ui{zs) 7^ 0, hence the exponent of Di at Zg is zero. 

Suppose we proved the statement for i = 1, . . . ,iQ — 1. By Lemma ^]5| the Wronskian 
W{ui, . . . ,Uig) has zero at Zs of order (A^, X]}'=l^(^o ~ That implies our statement 

for i = io- □ 

Corollary 5.9. The vector space Vp has no base points. 



By Theorem |3.12| there exists y G P such that the weight of y at infinity with respect to 
Ai, . . . , A„ is integral dominant. Remind that the weight at infinity is A^o = Yl^=i — 
YliLi hoi, with li = degyi. 

Lemma 5.10. The exponents of Dpu = at infinity are 

h, k + (Aoo + p, ai), h + (Aoo + p, ai + 0^2), . . . , + (Aoo + p, ai H h on) ■ 

The proof is similar to the proof of Lemma |5.8| . 

Corollary 5.11. The ramification points of Vp are zi, Zn, 00. For s = 1, . . . ,n, the 

ramification condition a{zs) has the form ai{zs) = {As, aj), i = 1, . . . , N + 1. The 

ramification condition a(oo) has the form 

ai(oo) = d - N - li - (Aoo, «i H h , 

i = l,...,N + l. 
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5.5. Vector spaces of polynomials and critical points. Let V G Gr{N + l,Cd[x]) 
be an + 1-dimensional vector subspace in Cd[x] with no base points. Assume that the 
ramification set of space V consists of points zi, . . . , Zn, oo with ramification conditions 
a{zi), . . . , a{zn), a(oo), respectively. 

Introduce dominant integral s/tv+i -weights Ai, . . . , A„, Aqo. These weights will be called 
the weights of V . 

For s = 1, . . . ,n, let A^ be defined by conditions {As,ai) = ciAr+i_i(-2s) — aAf+2-j(-2s), 
i = 1, . . . , N. Let Aoo be defined by conditions (Aqo, ai) = aj(oo) — aj+i(oo), i = 1, . . . , N. 
Let FL{V) be the variety of all full fiags 

J = {0 C Fi C F2 C ■ ■ ■ C F^+i = V} 

in V. For any 3" G FL{V) define an A^-tuple of polynomials = {yf, . . . , y^) as follows. 
Let Ml, ... , un+1 be a basis in V such that for any i the polynomials ui, . . . ,Ui form a 
basis in Fi. Say that this basis is adjusted to the fiag 5" and the fiag 5" is generated by 
the basis ui, . . . , mat+i. We set 

yf = Wim, ...,u,) Tt^ . . . Tr\ , (5.4) 

where polynomials Ti, . . . , T/v are given by ( |3.2| ). The polynomials yf, ■ ■ ■ ,yfj are uniquely 
determined by the fiag 3" up to multiplication of polynomials by non-zero numbers. 
This gives a morphism 

f3 : FL{V) P(C[x])^, 3^ ^ y^ , (5.5) 

which will be called the generating morphism of V. 

Theorem 5.12. 

1. The generating morphism defines an isomorphism of FL(y) and its image 
(3{FL{V)) C P(C[a;])^.^ 

2. Let O he the orbit of Aqo with respect to the shifted action of the Weyl group. 
Then there exist a weight Aqo G O and a critical point of the master function 
$(f ; A, Aoo), such that i3{FL{V)) is the population of critical points originated 
at 2/°. 

3. The initial vector space V is the fundamental space of the population P{FL{V)). 

4. Every sl^^i-population of critical points is given by this construction starting from 
a suitable space V . 



Theorem 5.12 is proved in Section 



Theorem 5.12 and corollaries of Section 5.4 say that the s/iv+i-populations of critical 



points associated with prescribed highest weights at points zi, ... Zn, 00 are in one-to-one 
correspondence with elements V G Gr{N + l,Cd[x]) with no base points and prescribed 
ramifications at zi, Zn, 00. 
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5.6. The upper bound for the number of populations. Let be a space of poly- 
nomials of dimension + 1 with no base points. Let zi, . . . , Zn,oo be its ramification 
points. There are three equivalent ways to discribe ramification properties of V: 

• indicating ramification conditions a{zi), . . . , a(z„), a{(yo) of V in Crf[a:;], where d is 
large enough to have V C Crf[a;], 

• indicating exponents m{zi), . . . , m(z„), m(oo) of the linear difi'erentail equation 
Du = with kernel V, 

• indicating integral dominant s/jv+i-weights Ai, . . . , A„, Aqo- 



According to Sections [5.4| and p.5| the relations between these data are 



(A^, ai) = aN+i^i{zs) - aN+2-i{zs), (Aoo, Qi) = ai(oo) - 0^+1(00), 

ai{zs) = (As, «! H h aN+i-j), 0^(00) = d - N - li - (Aoo, "i H h 

mi{zs) = aM+2-i + i - 1, mi{oo) = d - N - aj(oo) + i - 1. 

Here li = (J2s=i^s — Aoo,t^i) where Ui is the first fundamental weight, (Q;j,ti;i) = 6ii for 
all i. 

Denote L\ the irreducible s/Ar+i-module with highest weight A. Let w be an element 
of the Weyl group. Combining Corollary ^.11 and Corollary O we get the following 
statement. 

Theorem 5.13. The number of slM+i-populations of critical points which contain a crit- 
ical point of the master function $(t; z; A, w ■ Kao) is not greater than the multiplicity of 
the sl^+i-'module Lp^^ in the tensor product of sljy+i-modules Lp^^ ® ■ • ■ ® L/^^. 

We expect that for almost all zi, . . . , z„ the number of populations indicated in Theorem 
5.13| is equal to the above multiplicity. 



5.7. Proof of Theorem |5A2| . 

Lemma 5.14. The differential of (3 is non- degenerate at any point 5" G FLiV). 

Proof. Let Mi, . . . , mat+i be a basis in V adjusted to 5". For A; = l,...,iV + l, and a subset 
i = (ii, . . . , -ifc) C {1, . . . , + 1}, define a polynomial 

Uk,i = W{u,„...,u,jT^-'Tt'...Tr\. 

For a fixed k, the polynomials tifc,(i,2,...,fc-ij)5 j = k + 1, . . . , are linearly independent. 

In the neighborhood of 5" in FL(y), every fiag is generated by a basis Ui, . . . ,un+i of 
the form ui = Ui + CtjUj. The coefficients Cij are local coordinates on FL{V) at 3". 

Consider a curve through 3", where the ffag 3^^ is generated by a basis 

Ui = Ui + s ^ Cij Uj, i = 1, . . . , N + 1 . 
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The tangent vector to this curve at s = has coordinates {cjj}j>j. The image of the 
tangent vector under the differential of (3 is the non-zero vector 

( Cij Uj , ... , Ckj Ufc, 5 • • • 5 Cn,N+1 Ujy^ {1,2,...N-1,N+1) ) • 

i>l j>k 

□ 

Let J' e FL(y) and let tti, . . . , mat+i be a basis in V adjusted to 5". For i G {1, . . . , A^} 
and a non-zero number c, consider the flag 

generated by the basis ui, . . . , Ui-i, Ui + cuj+i, Wj+i, . . . , mat+i. 

Lemma 5.15. The image of (3 consists of fertile N -tuples with respect to polynomials 
Ti, . . . , Tjv. The N -tuple I3{3^^^) is an immediate descendant of (3 {3^) in the direction i. 



Proof. We have yj'^'^ = yj for j ^ i and 

i-l 



W{yf,yf') = cWiW{u,,...,u,), W{u,,...,u,_,,u,+,)) ([[Tpf 



i=i 

= cTi yf_^ yf_^^ . 

Lemma 5.16. The generating morphism f3 maps distinct points to distinct. 



□ 



Proof. If y = = then 3" = 5". Indeed, let 3" be generated by mi, . . . , u^+i and 

3" by Ml, . . . , mat+i. Clearly, -Ui and Ui are proportional. Since Vr(-Ui,'U2) = cTi?/2 and 
H^('Ui, ■U2) = cTi?/2 for suitable non-zero c and c, the span of Mi, M2 is equal to the span of 
Ui,U2, and so on. □ 



Part 1 of Theorem |5.12| is proved. 

Proposition 5.17. There exists 3 G FL(y) such that f3{3^) is generic with respect to 
integral dominant weights Ai, . . . , A„ of the Lie algebra sl^^i and points zi, . . . ,Zn. 

Proof. Let y = {yi, . . . , y^) G P{FL{V)). The image of P consists of fertile points. Hence 
if yi has a multiple root, then the multiple root is either a root of or a root of or 
lies in {zi, . . .,Zn}. 

Lemma 5.18. For almost all y G (3{FL{V)) we have yi{zs) 7^ for all i and s. 
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Proof. Let 3" G FL{V), 3" = {0 C Fi C F2 C ■ ■ • C Fjv+i = V}. For i G {1, . . . , A^}, let 
Di be a linear differential operator whose kernel is Fj. The operator Di is defined up to 
multiplication by a function and is Fuchsian. Let s G {1, . . . ,n}. For almost all 5" and 
every i, the exponents of Dj at are 

0, (A^ + p, ai), (As + p, ai + 02), • • • , (A^ + p, ai H h Oi-i) . 

For such 3", clearly , . . . do not have roots at Zg. □ 

Lemma 5.19. For every i and almost all y G P{FL{V)), the polynomials yi and yi+i do 
not have common roots. 

Proof. The set Xi of all 3^ G FL{V), such that yf and yf_^-^ have common roots, is an 
algebraic subset of FL(y). For every 2; G C, the set of all 5" G FL(y), such that 
= yf_^i{z) = 0, has codimension two in FL{V) . Hence Xj is a proper algebraic 
subset of FL(r). □ 

The above lemmas prove the proposition. □ 

Let G P{FL{V)) be a generic point. By Corollary ^Tsj y'^ represents a critical 
point of an s/Ar+i-master function, associated with integral dominant weights Ai, . . . , A„ 
( which are defined at the beginning of this section ), suitable integral weight at infinity 
Aoo, complex numbers zi, . . . ,Zn. 

Lemma 5.20. The set f3{FL(y)) is the population of critical points originated at y^ . 
Moreover, the fundamental space of the population (3{FL(y)) is the initial space V . 

Proof. Let P be the population of critical points originated at y^ . Lemma |5.15| shows 
that P is contained in the image of 13. It is easy to see that P = f3{FL{V)). The second 
statement of the lemma directly follows from the definition of the generating morphism 
/3. □ 



To prove part 2 of Theorem |5.12| it is enough to prove the following lemma. 

Lemma 5.21. The weight Aqo lies in the orbit O of the weight Aqo- 

Proof. By the definition in Section |3.3| , the weight at infinity of an A^-tuple y with respect 
to weights Ai, . . . , A„ is Aoo = ZlLi ^ J2iLi h^i, with k = deg 

To prove the lemma it is enough to find y G l3{FL{V)) whose weight at infinity is Aqo- 

The space V has a{oo) as the ramification index at infinity. Hence V has a basis of 
polynomials ui, . . . , un+i such that deg Ui = d — N — aj(cx)) + i — 1. Let 5" G FL(y) be 
the flag generated by this basis and let y = P{3^). 

It is clear that for any y G P{FL{V)), we have deg yi > deg yi, i = 1, . . . , N. Therefore 
by Theorem |3.12| , the weight Aoo = J2^=i — J2iLi Uo^i-, with U = deg yi, is the dominant 
weight lying in the orbit O. 

We show that Aoo = Aoo- Indeed, set /i = d — N — ai(oo). Then, according to our 



definition of Aoo, the exponents at infinity of V are given by the formula of Lemma p. 10 
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At the same time, by Lemma ^.10 , the exponents at infinity of V are 



h, h + (Aoo + p, ai), h + (Aoo + p, ai + 0^2), • • • , + (Aoo + p, ai H h a^v) . 

Comparing the two formulas, we get Aoo = Aoo- D 



The previous lemmas prove parts 2 and 3 of Theorem 5.12. Part 4 of the theorem 



follows from Lemma 5.5. Theorem 5.12 is proved 



5.8. Populations and Bruhat cells. Let V be a complex vector space of dimension 
N + 1. Fix a full fiag 3^^ G FL{V). Then there is a Schubert-type cell decomposition of 
the variety FL{V) of full fiags in V. 

For any 3^ G FL(y ) define a permutation w{3^) in the symmetric group S'^^^ as follows. 
Define Wi{3^) as the minimum of i such that Fi C F^. Fix a basis vector ui & Fi. Define 
W2{3^) as the minimum of i such that there is a basis in F2 of the form mi,M2 with 
U2 G Assume that Wi{3^), . . . ,Wj{3^) and ui, . . . ,Uj are determined. Define Wj+i{3^) 
as the minimum of i such that there is a basis in -Fj+i of the form ui, . . . ,Uj,Uj+i with 
Uj+i G As a result of this procedure we define w{3^) = (^1(3"), . . . , wn+i{3^)) G S^^^ 
and a basis Mi, . . . , mat+i which generates 3" and such that Ui G -^^-(g^- 

For w G S'^"'""^, define 

Gf = { 3 G FL(V^) , w{^) =w}. 

The algebraic variety is called t/ie Bruhat cell associated with 3"" and w G S*^^^ . 
The set of all Bruhat cells form a cell decomposition of FL{V): 

FLiV) = U^g5^+iGf . 

Let V G Gr{N + l,Cd[x]) be an + 1-dimensional space of polynomials with ram- 
ification points Zi, Zn, 00 and ramification conditions a(zi), . . . , a(2;„), a(oo). Let 
Ai, . . . A„, Aoo be the corresponding integral dominant s/Ar+i-weights. 

The space V has a distinguished fiag 3"°° G FL(y), where F°° consists of all polynomials 
in V of degree not greater than d — N — ai{oo) + i — 1. Then the variety FL{V) has the 
corresponding Bruhat cell decomposition FL(y) = U^g5]v+iG^°°. 

For any A^-tuple y of polynomials, introduce a vector l{y) = (/i(t/), . . . , Iwiv)), where 
li{y) = degyi. 

Recall that the generating morphism (3 : FL{V) —>■ P{C[x])'^ is given by { f).5\) . By 
definition, any two fiags Fi and F2 belong to the same Bruhat cell G^°° if and only if 
/(/3(Fi)) = mF2)). Set r = mF)) for F G GT- 

We identify the Weyl group W of sIn+i with the symmetric group S*^"*"^ sending the 
generating refiections Si to the simple transpositions + 1). 

Lemma 5.22. For w G 5*^"^^ we have 

N n 



i=l s=l 
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Proof. Denote di = d — N — ai(oo) + i — 1. For any permutation w G S^^^ and any i, we 
have the equation 

which can be checked by induction on the length of the permutation w. 

Also if -u; = w{3^) is the permutation of a flag 3^ G FL{V), then 5" has an adjusted basis 
Ml, ... , un+i such that degWi = d^. for all i. Therefore the vector l'"" has coordinates 

i n 

l- ^ ^ d^. - ^(A^ + p, {i - l)ai H h a^-i) . 

Combining the two equations we get for any i an equation 

n 
s=l 

which is equivalent to the identity of the lemma. □ 

Let Ai, . . . , A„, Aoo be integral dominant sZjv+i-weights, zi, . . . ,Zn complex numbers. 
Let w G S^~^^. Let y represent a critical point of the master function z; A,w ■ Aoo) 
and P the population originated at y. Let (3 : FL{Vp) (3{FL{p)) be the generating 
isomorphism. 

Let C^[a;] be the affine space of monic polynomials of degree d. Then y determines a 
point in Cf«,[x] (g) • • • (g) Cjl [x]. 

Corollary 5.23. The closure in C[L[a;] ® ■ ■ ■ ® C°ju [x] of N -tuples of polynomials in the 

population P representing critical points of the master function z]A,w- Aqo) is iso- 
morphic to the Bruhat cell /3{G^) C P{FL{Vp)). 

6. Selfdual spaces of polynomials 

6.1. Dual spaces of polynomials. Let V he a vector space of polynomials of dimension 
+ 1 with no base points and D = d^~^^ + . . . the linear differential operator with kernel 
V. Let 2;i, . . . , oo be its singular points. Let the exponents at Zg and oo be denoted 

0, m['^ + 1, m['^ + m['^ +2, . . . , m[''' + ■ ■ ■ + mj^^ + , 

/, / + m[^^ + 1, / + mt^ + ^ + 2, . . . , / + m^^ + ■■■ + m^^^ + N , 

respectively. Set 

n 

Ti = \{{x-zs)^' , i^l,...,N . (6.1) 

s=l 

For ui, . . . ,Ui G V, define a polynomial 

i-1 

W\ui,...,Ui) = W{ui,...,Ui) H Pp , 
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the divided Wronskian with respect to V. Let A\V) be the i-th exterior power of V. The 
hnear map 

A\V) C[x] , UiA---AUi ^ W\ui,...,Ui) , 

is an immersion for i = N, + 1. The map sends A^^^iV) to C. Denote V^''' the image 
of A^(V^). There is a non-degenerate pairing 

Lemma 6.1. We have = V. 



Proof. Follows from Lemma |9.5| □ 



Let = d'^'^^ + . . . be the linear differential operator with kernel V"^. 

Lemma 6.2. The equation D'^u = has singular points zi, . . . , Zn,oo. The exponents at 
Zs and infinity are 

0, + 1, m^^ + mi^Li + 2, . . . , + ■ ■ ■ + m!('^ + N , 

/, / + mi^) + l, l + m^^Hmf\ + 2, / + mj^^ + ■ ■ ■ + mS°°) + iV , 

respectively. □ 

Lemma 6.3. Let D = Di . . . -Dat+i be a factorization of D to linear factors, Di = d + fi, 
then = Dn+i...Di. □ 

6.2. Selfdual spaces and Witt bases. A space of polynomials V is called selfdual if 
V = V'^ . For instance, the space of polynomials of degree not greater than is selfdual. 
In this case all polynomials Tj are equal to 1. 

Let V be selfdual. Then mf^ = m^^^_^-^_- and m\°°'' = rn^^^i_i for all s and i. There is a 
non-degenerate pairing 

{ , ) : V ®V ^ C . 

If M, f G V , then we write v = W^{ui, . . . , un) and set {u, v) = W^{u, ui, . . . ,un)- This 
pairing is called the canonical bilinear form. 

A basis ui, . . . ,un+i in a space of polynomials V is called a Witt basis if 

Ui = W''{ui,...,UN+2-i,---,UN+i), i = 1,...,A^ + 1. (6.2) 

Theorem 6.4. Let V be selfdual. Then V has a Witt basis. 

Corollary 6.5. Let V be selfdual. Then the non- degenerate form ( , ) : V ® V C 
is symmetric, if dim V is odd, and skew- symmetric, if dim V is even. 



Proof of Theorem |6.4| Let di > d2 > ■ ■ ■ > c^Af+i be degrees of polynomials in V, 
where di = I + m^°°-* + ■ ■ ■ + mj^\_^ + A^ + 1 — i in the notations of the previous section. 
Let pi, ■ ■ ■ ,Pn+i be monic polynomials in V, deg pi = di. Denote Di = Y[{dk — dj) where 
the product is over all k,j such that k < j and both k and j are not equal to i. We have 
Di = D]s!+2-i since V is selfdual. 
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Lemma 6.6. For i = 1, . . . , N + 1, we have 

W\pi,...,Pi_i,Pi+i,...,PN+i) = Dix'^''+^-^ + ... , 
where dots denote the lower degree terms. □ 

Introduce qi = ^ Ylf=i Pi. Then for z = 1, . . . , + 1, we have 

N+l 
j=Ar+3-i 

for suitable numbers a* . Adding to each qi polynomials gj+i, . . . , ^at+i with suitable coef- 
ficients we can get new polynomials gi, . . . , ^at+i such that 

1^^(91, ... ... ,gAr+i) = qN+2^i (6.3) 

for 2 < Y + 1, and 

i 

W\qi,..., q^-i, qi+i, . . . , g^v+i) = qN+2-i + ^^'^^ 

j=N+3-i 



ion > f + 1. 



Lemma 6.7. // the polynomials gi, . . . , ^'at+i satisfy { \6. Sj ) for « < y + 1 one? ( [g!^ ) /or 
i > Y + 1; ^/ien i/iey satisfy ( \6. Sj ) for all i. 



Proof. First let + 1 = 2fc be even. Assume that we already showed that for some io > k 
the polynomials qi, . . . , qN+i satisfy ( |6.3| ) for all i < io- We prove ( |6.3| ) for i = io. We 
have 

W\qi, . . . , gio+i, . . . , g^+i) = 

= qN+2-iQ + a'^+s-if^qN+s-io H ^ Oio+iQ'io+i + «io^io- 



We claim that a^^_,3_,^ = . . . = a^o ^ = ■ ■ ■ = a^^^.^ = 0. 

Set Wi = W^{qi, . . . , g^+i, . . . , qN+i)- We calculate X = . . . ^ P^Tv+i-io, W^io^ 

iyAr+3_jQ, . . . , Wk) in two ways. According to our assumptions we have 

X = W\qN+i, qw, - ■ ■ , qio+i, QN+2-io + ^ (^'j'Qj^ Qio-i-, ■ ■ ■ , Qk+i) ■ 

j=N+3-io 

Notice that polynomials W'^i^qN+i, qN,---, qio+i, qj,qio-i, ■ ■ ■ , Qk+i), for j = io and j = 
N + 2 — io, . . . , k, are non-zero, have different degrees and hence are linearly independent. 
On the other hand, by Lemma |9.5| , we have 

X = const W\qN+i, qN,---, Qio+i, QN+2-io, Qio-i, Qk+i) - 
Thus a:° = a-+3_,^ = . . . = a? = 0. 
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Similarly calculating in two ways the expression X = W'^iWi, . . . , Wn+i-iq, Wi^, Wk+i, 
Wk+2, • • • , W^io-i) "we conclude that a^^_^_-^ = • • • = a*°_^ = 0. Lemma [57?| is proved for even 
N + 1. 

Let iV + 1 = 2A; + 1 be odd. Assume that we already showed that for some io > k the 
polynomials qi, . . . , Qn+i satisfy ( |6.3|) for all i < zq. We prove (|6.3| ) for i = iq. 

We calculate X = W^iWi, . . . , Wk, Wi^) in two ways. According to our assumptions we 
have 

Jo 

X = W\qN+i,qN,-- ■,qk+2, qN+2-io+ ^7^i) ■ 

j=N+3-io 

The polynomials W\qN+i, qN, ■ ■ ■ , Qk+i, Qj) for j = N + 2 — io, . . . , k + 1 are non-zero, 
have different degrees and hence are linearly independent. 
On the other hand, we have 

X = const W\qk+i, ... ,qio-i,qio+i, ■■■ ,qN+i) 

= W\Wk-l, WN+3-io, WN+l-^o, ...,Wi) 

= const W\qN+2-io,qk+i, • • • , Qn+i) • 

inus a^_,_3_jjj — — a^+;^ — u. 
Similarly calculating in two ways the expression 

X = W\W,,W2,...,Wr,+2-io,Wk+2,Wk+3,---,W,,) 



we show that a^"^_2 = ■ ■ ■ = a*" = 0. Lemma |6.7| is proved for odd + 1. □ 



Theorem |6.4| is proved. □ 

6.3. Isotropic flags. Let ui, . . . ,un^i be a basis in a vector space V of poljTiomials. 
Denote PVj = {ui, . . . ,Ui, . . . ,un+i). 

Theorem 6.8. Assume that 

W\ui, . . . ,Ui) = ai W\ui, . . . ,UN+i-i), i = l,...,N, (6.5) 

for some non-zero numbers Oi, . . . ,ai\f. Then for every i, the polynomial Ui is a linear 
combination of P^at+i, W^, . . . , 

Proof. The proof is by induction on i. For i = 1, the polynomial Ui is proportional to 
Wn+i by assumption. Let the theorem be proved for i = l,...,zo — 1- Then using Lemma 
|975| we obtain 



W^{Ui, Ui,_i, WN+2~io) = const W\Wn+1, Wn, . . . , WN+2-io) 

= const W\ui, . . . , UN+l-io) (W^iUi, UN+l)f'~^. 

Notice that W^{ui,... ,un+i) is a constant. Therefore using (|6.5| ) we obtain 

W^{ui,...,Uio_i,WN+2-io) = const . . . 

Hence WN+2-io is a linear combination of mi, . . . , and the theorem is proved. □ 



32 



E. MUKHIN AND A. VARCHENKO 



Corollary 6.9. If V has a basis satisfying { \6. 3[ ) , then V is selfdual. 

Let \^ be a selfdual space of polynomials. For a subspace U (Z V denote its 
orthogonal complement, {U, f/"*") = 0, dmiU + dimf/-*" = dim V^. A full flag 3" = {Fi C 
■ ■ ■ C -F/v+i = V} is called isotropic if F^- = Fjy^i^i for z = 1, . . . , A^. 



Corollary 6.10. Let ui, . . . , M^r+i be a basis in V satisfying { \6.d( }, then the full flag 
generated by the basis is isotropic. 

Lemma 6.11. Let 5" be an isotropic flag in V and ui, . . . ,un+i a basis in V adjusted to 
5". Then the basis satisfies ([gT 



Proof. Since Fj^ = F/v+i_j, we have two bases in F^+i-i'. the basis ui, . . . ,UN+i-i and 
the basis Wn+i, Wn, • • • , Wi+i. Hence 

W\ui, UN+i-i) = const W\Wn+i, Wn, • • • , Wi+i) = const W\ui, ...,Ui) . 

□ 



6.4. Generating procedures for isotropic flags. Let V be a selfdual space of poly- 
nomials. Let FL{V) be the variety of all full flags of V. Denote FL-^{V) C FL{V) the 
subvariety of all isotropic flags. 

Let (3 : FL{V) P{C[x])^ , 3" t— > y^, be the generating isomorphism associated with 
V, see Section Remind that if Mi, . . . , mtv+i is a basis adjusted to a flag 5" G FL{V), 
then = {yf, . . . , yf^), where yf = W'^^ui, . . . ,Ui). According to Section |U7^ , a flag 3" is 
isotropic if and only its image under the generating isomorphism is symmetric: 

yf = yl+l-^ for ^ = l,...,Ar. (6.6) 

The group of linear transformations of V preserving the scalar product ( , ) acts on the 
space of isotropic flags FL-^iV). We describe the infinitesimal action of this group on the 
image (3{FL^{V)). 

First we assume that A^ + 1 = 2A; is even. In this case the scalar product ( , ) is skew- 
symmetric. The special symplectic Lie algebra of V consists of all traceless endomorphisms 
X of such that (xf , v') + {v, xv') = for all v, v' G V. 

Let u = . . . , U2k) be a Witt basis in V. We have 

{ui , U2k+i-i) = i = l,...,k, 

and {ui, Uj) = if i + j 7^ 2/c -|- 1. The choice of the basis identifies the special symplectic 
Lie algebra with a Lie subalgebra of s/2fc, which is denoted sp2k- The Lie algebra sp2k has 
the root system of type Ck- 

Denote Ei^j the matrix with zero entries except 1 at the intersection of the i-th row and 
j-th column. 

The lower triangular part of sp2k is spanned by matrices -Ej^j+i + E2k-i,2k+i-i for 
i = 1, . . . ,k — l and Ek^k+i- Denote these matrices Xi, . . . , Xk, respectively. The matrices 
define linear transformations of V. 
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For any i & {1, . . . , k} and c G C, the basis e'^^'u is a Witt basis. Let 3" be the isotropic 
flag generated by u and e'^'^^J' the isotropic flag generated by e'^^^u. We describe the 
dependence on c of the 2k — 1-tuple P{e'^^'3^). 

For i < k, we have 

e^^'U = {Ui, Ui_i, Ui + CMi+i, Uj+i, . . . , U2k-i, U2k+l~i + CU2k+2-i, ^2fc+2-i, • • • , M2fc) 

and 

= (yf, yf-i, yi{x, c),yf+i, Vk-i, yk, yLi, ■■■,yf+i, yi{x, c), yf_i, ...,yf), 

with yi{x, c) = W'' {ui, . . . , Ui + cuj+i). 
Lemma 6.12. Fori < k, we have 

W{y,{x,c),^{x,c)) = T.yfL.yl,. 



□ 



For i = k, we have 



e^^'U = (til, Uk-l, Uk + CUk+l, Mfc+l, U2k) 

and 

p{e^^^3^) = (yf, . . . , y^(a;, c), ?/f_i, . . . , yf) 

with yk{x,c) = W''{ui,...,Uk-i,Uk + cuk+i). 
Lemma 6.13. We have 

W{yk{x,c),^{x,c)) = Tk {ytif ■ 



□ 



Notice that in Lemmas |6.12| and |6.13| the function ^(x, c) does not depend on c. 

Now we assume that + 1 = 2/c + 1 is odd. In this case the scalar product ( , ) is sym- 
metric. The special orthogonal Lie algebra of V consists of all traceless endomorphisms 
X oiV such that (xf , v') + (f , xv') = for all v, v' G V. 

Let u = (ui, . . . , U2k+i) be a Witt basis in V. We have 

{ui , U2k+2-i) = i = l,...,k + l, 

and {ui, Uj) = if i + j ^ 2k + 2. The choice of the basis identifies the special orthogonal 
Lie algebra with a Lie subalgebra of sl2k+i, which is denoted S02fc+i. The Lie algebra 
S02k+i has the root system of type Bk- 

The lower triangular part of S02k+i is spanned by matrices + E2k+i-i,2k+2-i for 

i = 1, . . . , k — 1 and Ek^k+i + Ek+i^k+2- Denote these matrices Xi, . . . , X^, respectively. 
The matrices define linear transformations of V . 



34 E. MUKHIN AND A. VARCHENKO 

For any i & {1, . . . , k} and c G C, the basis e'^^'u is a Witt basis. Let 3" be the isotropic 
flag generated by u and e'^'^^J' the isotropic flag generated by e'^^^u. We describe the 
dependence on c of the 2A;-tuple P{e'^^'3^). 

For i < k, we have 

(Ui, . . . , Ui-i,Ui + CUj+1, Ui+i, . . . , U2k+l-i, U2k+2-i + CU2k+3-i, U2k+3-i, ■ ■ ■ , U2k+l) 

and 

= {yf, yf-1, yi{x, c), yf+i, . . . , yf, , . . . , yf^^,yi{x, c),yf_^, . . . , yf), 
with yi{x, c) = W^'iui, . . . , Ui-i, Ui + cuj+i). 
Lemma 6.14. For i < k we have 



W{y,{x,c),^{x,c)) = T^yt.yl, 



□ 



For i = k, we have 



e^^'n = . . . , Uk-l, Uk + CWfc+i + — Mfc+2, Wfe+l + CMfe+2, • • • , M2fc+ly 

and 

with ?/fc(a;,c) = W\ui, . . . ,Uk-i,Uk + cuk+i + ^Uk+2)- 
Lemma 6.15. We have 

W{yk{x,c),^{x,c)) = Tk yti yk{x,c) . (6.7) 

□ 

Lemma 6.16. Assume that the two polynomials y^ and Tkyf_^ do not have common 
roots. Then y^ = , yk{x, c) = {p + cqY for suitable polynomials p{x), q{x) and 

W{p , q) = 2n yL, ■ (6.8) 

Proof. The polynomial yk{x, c) is a polynomial in x and c, quadratic in c. We claim that 
yk cannot be of the form p{x)q{x, c) where p is a polynomial in x of positive degree and q 
is a polynomial in x, c. Indeed, in this case equation ( |6.7| ) would imply that the roots of 
p lie among the roots of y^_i. 

We claim that yk cannot be irreducible. Indeed, then there would exist {zq, cq) G 
and a germ of a holomorphic function / : (C, Cq) (C, Zq) such that in a neighborhood 
of {zo, Co) the polynomial yk would be presentable in the form yk = {x — f{c))g{x, c) with 
g{^o,Co) 7^ 0. But this presentation would contradict to ( |6.7| ), because its left hand side 
and right hand side would be having different orders of zero with respect to x at x = /(c). 
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The same reason shows that yk cannot be presented in the form c)g(x, c) with 
polynomials p, g not proportional. Thus yk = {p{x) + cq{x)y for suitable polynomials p 
and q. Substituting this expression to ( |6.7| ) we get (|6.8|) . □ 

7. The case of root systems of type Bn and Cn 

7.1. Critical points of type i^iv- Consider the root system of type i?7v Let ai, . . . , aAr_i 
be the long simple roots and the short one. We have 

{aN,aN) = 2, {ai,ai) = 4, (0^,0^+1) = -2, i = 1, . . . ,N - 1, 

and all other scalar products are equal to zero. The root system corresponds to the 
Lie algebra so2Ar+i. We denote t) its Cartan subalgebra. 

We consider also the root system of type A2n~i with simple roots ai, . . . , tt2Ar-i- The 
root system A2N-1 corresponds to the Lie algebra s12n- We denote f)^ its Cartan subal- 
gebra. 

We have a map i)* ^ A A^, where A"^ is defined by 

(A^, (afr) = (A^, = (A, t = l,...,N. 

Let Ai, . . . , A„ G [)* be dominant integral so2Ar+i-weights, zi, . . . , Zn complex numbers. 
Let the polynomials Ti, . . . , T/v be given by ( |3.2| ). Remind that an A^-tuple of polynomials 
y represents a critical point of a master function associated with SO2N+1, Ai,...,A„, 
Zi, . . . ,Zn, if and only if y is generic with respect to weights Ai, . . . , A„ of SO2N+1, and 
points zi, . . . Zn and there exist polynomials fji, i = 1, . . . , N, such that 

W{yi , yi) = Ti y.+i, i = 1,...,A^-1, 
W{yN , yN) = Tn ylf^i- 
For an A^-tuple of polynomials y = {yi, . . . , y^), let be the 2A^ — 1-tuple of polyno- 
mials {yi, yN-i, yN, Vn-i, • • • , Z/i)- 

Lemma 7.1. An N -tuple y represents a critical point of a master function associated 
with SO2N+1, Ai, . . . , A„, Zi, . . . , Zn, if and only if the 2N — 1-tuple of polynomials yj^ 
represents a critical point of a master function associated with SI2N, A^, . . . , A^, zi, . . . , 

Zn- □ 

Let y^ represent a critical point of a master function associated with so2Ar+i, Ai, . . . , A„, 
Zi, . . . ^Zn- Denote P the so2Ar+i-population of critical points originated at y^ . Denote 
the s/2Ar-population of critical points originated at y\. Clearly there is an injective 
map P P^, y ^ yj^. 

Theorem 7.2. The fundamental space of P^ is selfdual. 

Proof. Denote V the fundamental space of P^. Let mi, . . . , U2n be a basis in V constructed 



using t;^ as in Section |5.3| . By Lemma 5^ we have 

W\ui,...,u^) = W\ui,...,U2N-i), I = 0,...,2N. 
The theorem follows from Corollary |6.9|. □ 



36 



E. MUKHIN AND A. VARCHENKO 



The fundamental space of is called the fundamental space of the so2iv+i-population 
P and denoted Vp. We have dimVp = 2N. 

Theorem 7.3. The generating morphism (3 : FL{Vp) P{C[x]y^~^ identifies the sub- 
variety FL^iVp) of flags in Vp, isotropic with respect to the skew- symmetric form { , ), 
and the so2N+i-population P. 

Proof. Let y = /3{3^) be in P, where 5" is some isotropic flag. Then the A^-tuples 
P{e'^^^3^) = {yi{x), . . . ,yi{x,c), . . . ,yN{x)) are the immediate descendants of y in the 



i-th direction. Indeed, this follows from Lemmas |6.12| and |6.13| with c = since we have 
yi{x, c) = yi + cdyi/dc{x, 0). 

Therefore the generating procedures for the so2Ar+i-population P coincide with the 
generating procedure for the variety of full flags in the fundamental space Vp isotropic 
with respect to the skew-symmetric form ( , ). □ 

The Lie algebra SO2N+1 is Langlands dual to the Lie algebra sp2N- According to the 
corollary, a population of critical points associated with SO2N+1 is isomorphic to the full 
flag variety of its Langlands dual sp2N- 

Let P be an so2Ar+i-population associated with integral dominant weights Ai,...A„ 
and points zi, . . . ,Zn- Let y (z P. Introduce a linear differential operator D{y) of order 
2N by the formula 

D[y) = {d-ln{ ))((9-ln( )) 

yi 1/2T1 

(9-ln( -— )) ... {d-ln{ )) 

y3TiT2 yN 

{d - ln-( ^^^^---^^-^ ))(g - ln-( ^^-^^^---^^-^ )) ... (9 - In'(yO) 

yN-i yN^2 

where Ti , . . . T/v cirG clS above. 

Corollary 7.4. The operator D{y) does not depend on the choice of y in P. Its kernel 
is the fundamental space Vp. 

The operator is called associated with the population and is denoted Dp. 

By Theorem 17^ any so2Ar+i-population is isomorphic to the variety of isotropic flags of 



the fundamental space of the population. The converse is also true. 

Theorem 7.5. Let V be a selfdual space of polynomials of even dimension 2N. Let 
FL^{V) be the variety of the isotropic full flags of V , and P{FL^{V)) its image under 
the generating morphism. Then P{FL-^{V)) is an so2N+i-population with fundamental 
space V. 



Theorem [7.5| is proved in Section 
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7.2. Critical points of type Cat. Consider the root system of type Cat. Let ai, . . . , aAr_i 
be the short simple roots and the long one. We have 

{aN-,aN) = 4, {aN-i,OiN) = - 2, 

{ai,ai) = 2, = -1, i = l,...,N -2, 

and all other scalar products are equal to zero. The root system Cn corresponds to the 
Lie algebra sp2N- We denote f) its Cartan subalgebra. 

We consider also the root system of type A2N with simple roots a^, . . . , a^^. The root 
system A2N corresponds to the Lie algebra s12n+i- We denote i)A its Cartan subalgebra. 

We have a map i)* ^ i)% A 1— >■ A"^, where A"^ is defined by 

{A\ (afr) = (A^ = (A, K)^), z = 1,...,N. 

Let Ai, . . . , A„ e f)* be dominant integral sp2Ar-weights, zi, . . . ,Zn complex numbers. 
Let the polynomials Ti, . . . , T^r be given by (|3.2|) . Remind that an A^-tuple of polynomi- 
als y represents a critical point of a master function associated with sp2N, Ai, . . . , A„, 
zi, . . . , Zn, if and only if y is generic with respect to weights Ai, . . . , A„ of sp2N and points 
zi, . . . , Zn, and there exist polynomials jji, i = 1, . . . , N, such that 

Wivi , Vi) = Ti yi_i ^i+i, i = 1,...,N -2, 

W{yN-.i , Vn-i) = Tm^i yN-2 Vn, W{yN , Vn) = Vn-i- 

For an A^-tuple of polynomials y = {yi, . . . , yjy), let y^ be the 2A^-tuple of polynomials 

Va = (yi,---, Vn-i, Vn, Vn, Vn-i, ■■■,yi)- 

Let y represent a critical point of a master function associated with sp2N, Ai, . . . , A„, 
zi, . . . ,Zn. We shall construct an s/2Ar+i-population containing y^^. Set 

Va,! = {yi^ Vn-i, VnVn, Vn, Vn-i, ■ ■ ■ , Vi) , 
yA,2 = iVu Vn-i, VnVn, y% + c{yNf, yN~i, ■ ■ ■ , yi) , 
where c is a non-zero number. 

Lemma 7.6. For almost all c, the tuple 7/^ 2 represents a critical point of a master 
function associated with SI2N+1, A^, . . . , A^, zi, . . . ,Zn- The SI2N +i-population, containing 
the critical point 2/^2> '^^^^ ^^'^ depend on c and contains also the tuple y^. 

Proof. Since y is generic with respect to weights Ai, . . . , A„ of sp2N, and points 2:1, . . . , 2;„, 
clearly t/^ 2 is generic with respect to weights A^, . . . , A^ of SI2N+1, and points zi, . . . ,Zn 
for almost all c. We have 

W{y% , yNVN) = Tn yN~i {jjNf, W{{yNf , + c{yNf) = 2 cTn yw-i VnIIn- 

The first equation shows that is fertile with respect to s/2Af+i, A^, . . . , A^, 2:1, ... , z„. 
The equations also show that with respect to SI2N+1, A^, . . . , A^, zi, . . . ,Zn the tuple ^ 
is fertile in all directions but the N — 1-th. Now we show that ^ is fertile in direction 
A^- 1. 
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Let un-i = ]\i{x- ti), UN = Yliix - Ui), = ]\i{x- Vi). The numbers {U} form an 
s/2 critical point with weight yN-2TN-iyN- Therefore we have its critical point equations 

E ^ + ^ = 0' 

where X denotes terms which do not depend on y^- Similarly, {ti} form an s/2 critical 
point with weight yN-2TN-iyN- Therefore we have its critical point equations 

V + X = 

^ U - Vj 



with the same X. Hence 



E T^. + E T^. + X = 0. 

j ■' j ■' 

This means that {tj} form an s/2 critical point with weight yN-2TN-iyNyN- Thus i is 
fertile in direction — 1. 

With respect to s/2Ar+i, A^, . . . , A^, zi, . . . ,Zn the tuple 2 fertile in all directions 
but the A^-th and A^ + 2-th. We show that 7/^ 2 is fertile in these directions too. 

We have 

W{yN-i,yN-i) = TN-iyN-2y%, W{yN-i,yN-i) = TN-iyN-2yN 

for suitable polynomials yN~i and yN-i- Adding the equations we get W{iin-i , Vn-i + 
cyN-i) = T/v_i yN~2 {Vn + cy%) which means fertility in direction A^ + 2. Similarly, we 
have W^y]^ + cy]^ , yNVN) = T^- Vn-i {Vn + '^vlr) which means fertility in direction A^. 
These reasons show that for all c the tuples yj^ yA,ij 1/a,2 belong to the s/2Af+i-population 
originated at 2- I— ' 

Let y represent a critical point of a master function associated with sp2N, Ai, . . . , A^, 
Zi, . . . ,Zn- Let P be the sj92Af-population originated at y. Let P"^ be the s/2Ar+i-population, 
constructed in Lemma |7.6| and containing y^. 

Theorem 7.7. The fundamental space of P^ is selfdual. 

Proof. Denote V the fundamental space of P^. Let mi, . . . ,M2Ar+i be a basis in V con- 
structed using yj^ as in Section p73[ By Lemma |5]^ we have 

W\UI,...,U,) = W\ul,...,U2N^^), I = 0,...,2N+1. 

The theorem follows from Corollary |6.9| . □ 

The fundamental space of P^ is called the fundamental space of the sp2Af-population P 
and denoted Vp. We have dim Vp = 2A^ + 1. 

Theorem 7.8. The generating morphism (3 : FL{Vp) P(C[x])^^ identifies the subva- 
riety FL^iVp) of flags in Vp, isotropic with respect to the symmetric form ( , ), and the 
sp2N -population P. 
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Proof. Follows from Lemmas 3.14, 6.15 with c = and 6.16, cf. proof of Theorem 7.8. □ 



The Lie algebra sp2N is Langlands dual to the Lie algebra so2n+i- According to the 
corollary, a population of critical points associated with sp2N is isomorphic to the full flag 
variety of its Langlands dual so2n+i- 

Let P be an sp2Ar-population associated with integral dominant weights Ai, . . . and 
points Zi, . . . ,Zn- Let y & P. Introduce a linear differential operator D{y) of order 2A^ + 1 
by the formula 

rp2 rp2 rp2 rp2 rp2 rp2 

D{y) = {d-WC-l^^)){d-W{ y'''-'^ ))...{d-\n'{ y^'-'''---'^ )) 

yi y2^i yN-iJ-i ■ ■ ■ J-N-2 

id - ln'(^f-iS_Zl))(9 - In'rn . . . T^)Kd - In'^yJ^Iill^)) 
yf^Ti . . . Tn_i i/N-i 

id - ln-( ^^-^^^---^^-^ )) ... (9 - ln'(^))(9 - In'(yO) 

yN-2 yi 

where Ti , . . . T/v above. 

Corollary 7.9. The operator D{y) does not depend on the choice of y in P. Its kernel 
is the fundamental space Vp. 

The operator is called associated with the population and is denoted Dp. 



According to Theorem 7.8 any sp2Af-population is isomorphic to the variety of isotropic 



flags of the fundamental space of the population. The converse is also true. 

Theorem 7.10. Let V be a selfdual space of polynomials of odd dimension 2N + 1. Let 
FL-^{V) be the variety of the isotropic full flags ofV, and (3{FL-^{V)) its image under the 
generating morphism. Then (3{FL-^{V)) is an sp2N -population with fundamental space V . 



Theorem [7.10| is proved in Section 



7.3. The so2Ar+i-popuIations and Bruhat cells. Let P be an so2Ar+i-population with 
fundamental space Vp. The space Vp is a selfdual space of dimension 2N . The canon- 
ical bilinear form of Vp is skew-symmetric. Let zi, . . . , z„, cxd be ramification points of 
Vp. Let A^, . . . , A^, A^ be the corresponding integral dominant s/2Ar-weights of Vp and 
Af , . . . , A^, A^ the corresponding integral dominant so2Ar+i-weights of P. 

The generating morphism (3 identifies the variety of isotropic flags FL-^iVp) with the 
population P. The variety FL-^iVp) is isomorphic to the flag variety of the Lie group 
SP2N- The root system of its Lie algebra sp2N is of type Cn- 

For any semisimple Lie group G with a Borel subgroup B, the flag variety G/ B has a 
Bruhat cell decomposition G/B = U^ew BwB / B , see 

A Bruhat cell decomposition of the flag variety of SL2N was described in Section |5.8| as 
a cell decomposition of the variety of full flags FL(Vp) with respect to the flag 5"°°. We 
have 

FL{Vp) = U^e5^- 
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Now we describe a Bruhat cell decomposition of the flag variety of SP2N as a decompo- 
sition of FL^{Vp). 

Let L : f)sp2jv ~^ ^si2N linear inclusion given by 

i = 1, . . . , N — 1. We have (af , af) = ), t{af)) and therefore l is orthogonal. We 
have the following relation between simple reflections: 

i = 1, . . . , N — 1, for any weight A G f)sp2]v' Therefore the map from the sp2N Weyl group 
to the SI2N Weyl group given by 

sfs^N-i, Sn^ Sn, 

i = 1, . . . , N — 1, is a group homomorphism. The map identifies the sp2N Weyl group 
with the group W of permutations w E with the property Wi + W2N+i-i = 2iV + 1 
for all i. 

The group W C S'^^ is generated by the simple transposition s% = {N, + 1) and by 
the products of two simple transpositions sf = {i, i+l){2N—i, 2N—i+l), i = 1, . . . , N—1. 

For a permutation w, denote FL^{Vp) fl G^°^ by G^. We have 7^ if and only if 
w e W. Therefore we have a decomposition 

FL^iVp) = U^^w GZ- (7.1) 

The variety FL-^iVp) is isomorphic to the SP2N flag variety. Under this isomorphism 
decomposition (|7. 1|) becomes the Bruhat cell decomposition. The Bruhat cells G^ are 
topological cells, see [Q]. 

Consider the generating morphism j3 : FLiVp) — >■ P(C[a:])^^~^. For a tuple y e 
P{£.[x\Y^~^ , denote l{y) = (degyi, . . . ,degy2N-i)- Two flags and 3^2 belong to the 
same Bruhat cell in FL{Vp) if and only if /(/5(3^i)) = l{(3{3'2))- Set as before r = l{f3{3')) 
for 3" e Gl°°. For weW we have = for all i. 

The Weyl groups of Langlands dual Kac-Moody algebras are naturally identified. So 
the Weyl groups of sp2N and SO2N+1 are naturally identified. Therefore we can consider 
an element w E W a.s an element of the SO2N+1 Weyl group as well, in particular w acts 
on so2Ar+i-weights. 

Lemma 7.11. For w G W, we have the equality of so2N+i-weights: 

N n 



Proof. Follows from Lemma |5.22| . □ 

Let y represent a critical point of the master function z; A^, w ■ A^) and let P be 
the so2Ar+i-population originated at y. 
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Corollary 7.12. The closure in C[l,[x] (g> ...C°iu[x] of N -tuples of polynomials in the 
SO2N+1 -population P representing a critical point of the master function ^(t; z; ,w ■ 
A^), is isomorphic to the Bruhat cell of the flag variety FL^{Vp). 

7.4. The sp2Af-populations and Bruhat cells. Let P be an sp2Af-population with 
fundamental space Vp. The space Vp is a self dual space of dimension 2N + 1. The 
canonical bilinear form of Vp is symmetric. Let zi, Zn, 00 be ramification points 
of Vp. Let A^,...,A^,A4 be the corresponding integral dominant s/2Ar+i-weights and 
Af , . . . , A^, A^ the corresponding integral dominant sp2Af-"weights of P. 

The generating morphism (3 identifies the variety of isotropic flags FL^{Vp) with the 
population P. The variety FL-^{Vp) is isomorphic to the flag variety of the Lie group 
S02N+1- The root system of the corresponding Lie algebra so2Ar+i is of type Bjy. 

Now we describe a Bruhat cell decomposition of the flag variety of SO2N+1 as a decom- 
position of FL^iVp). 

Let t : h* be the linear inclusion given by 

i = 1, . . . , N — 1. We have (af , a^) = (t(af ), L{a^)) and therefore t is orthogonal. We 
have the following relation between simple reflections: 

i = 1, . . . , N — 1, for any weight A G f)so2]v+i- Therefore the map from the SO2N+1 Weyl 
group to the SI2N+1 Weyl group given by 

sf ^^ sfs2N-i, Sn ^ SnSn+iSn, 

i = 1, . . . , N — 1 is Si group homomorphism. The map identifies the SO2N+1 Weyl group 
with the group W of permutations w e 5'2Af+i property Wi + W2N+2-i = 2iV + 2 

for all i. 

The group W C S*^^"*"^ is generated by the simple transposition sfj- = {N, N + 2) 
and by the products of two simple transpositions sf = {i,i + 1){2N — i,2N — i + 1), 
i = l,...,N -1. 

Let 

FL{Vp) = U^g52jv+i 

be the Bruhat cell decomposition with respect to the flag 5"°°. For a permutation w, 
denote FL{Vp)^ n G^"^ by Gf. We have ^ if and only iiweW. Therefore we 
have a decomposition 

FL^iVp) = U^^w Gf. (7.2) 

The variety FL-^iVp) is isomorphic to the SO2N+1 flag variety. Under this isomorphism 
decomposition (|7.2|) becomes the Bruhat cell decompostion. 

Consider the generating morphism (3 : FL(Vp) P(C[x])^^. For a tuple y G 
P(C[a;])^^ denote l{y) = (deg?/i, . . . , deg?/2Ar). Two flags and 3^2 belong to the same 
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Bruhat cell if and only if Z(/3(3^i)) = i(/3(3^2)). Set as before r = li/SiS")) for 3^ e G^"^ . 
For w & W we have = l2N+i-i for 

The Weyl groups of Langlands dual Kac-Moody algebras are naturally identified. So 
the Weyl groups of SO2N+1 and sp2N are naturally identified. Therefore we can consider 
an element w G as an element of the sp2N Weyl group as well, in particular w acts on 
sp2iv-weights. 

Lemma 7.13. For w G W , we have the equality of sp2N- weights: 

N n 
i=l s=l 



Proof. Follows from Lemma 5.22. □ 



Let y represent a critical point of the master function z; A'" , w ■ A^) and let P be 
the sp2Af-population originated at y. 

Corollary 7.14. The closure in C|l. [x] ■ ■ • ® [x] of N -tuples of polynomials in the 

sp2N -population P representing critical points of the master function z; A*", w ■ A^) 
is isomorphic to the Bruhat cell of the flag variety FL^iVp). 



8. Local Version 

The proof of Theorems and |7.1CI| require a local variant of the theory of populations 
where polynomials are replaced by germs of holomorphic functions. Below we sketch this 
local variant. 



8.1. Generic and fertile tuples of germs. Let 2; G C. Denote C{{x — z)) the complex 
vector space of germs at z of holomorphic functions in x. Denote P{C{{x — z))) the 
corresponding projective space. 

Let A be a generalized Cartan r x r-matrix and 0(^4) the corresponding Kac-Moody 
algebra. We use the same notations as in Section |2rT| . 

Fix an r-tuple T = {T^, ...,%) e P{C{{x - z)))''. We say that A G f)* is the weight of 
T if for any i the number (A, a"^) is equal to the order of zero at z of the germ Tj. The 
weight A is integral dominant. 

For y = {yi, . . . ,yr) G P(C((x — z))Y, let k be the order of zero at z of yi. The weight 
A — ^21=1 ^i^i is called the weight of y with respect to T, A. 

We say that an r-tuple y G P(C((x — z))Y is generic at z if yi{z) 7^ for all i. The 
weight of a generic tuple with respect to T, A is equal to A. 

We say that an r-tuple y G P{C{{x — z))Y is fertile with respect to T if for every i 
there exists a germ iji satisfying equation (^.41). If an r-tuple y is generic, then it is fertile. 

Let y be generic and i = 1, . . . ,r. Lemma p.4| shows that the r-tuples 7/*^*^ = (yi, . . . , 
Vi, ■ ■ ■ ,yr) £ P{C{{x — z))Y, where iji is given by ( |3.5| ), form a one-parameter family. 
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The parameter space of the family is identified with the projective hne with projective 
coordinates (ci : C2). We have a map 

Yy, : ^ P(C((a; - z))Y , (8.1) 

which sends a point c = (ci : C2) to the corresponding r-tuple y^'^\ Almost all r-tuples 
y^^^ are generic. The exceptions form a finite set in P^. 



8.2. Reproduction procedure. Let T be as in Section |8.1| . Let y be generic. Let 
i = (zi, ir, . . . ,ik), 1 < ij < r, be a sequence of natural numbers. We define a fc-parameter 
family of fertile r-tuples 

y^o,, : (PY ^P(C((x-z))r 

as in Section |3.4| . Namely, we proceed by induction on k, starting at and successively 
applying the simple reproduction procedure in directions ii, . . . ,ik- The union 

PyO = UiPyO^i CPiCiiX -Z))Y , 

where the summation is over all sequences i, is called the population of germs at z asso- 
ciated with the Kac-Moody algebra q, the tuple T of weight A, and originated at y^. We 
say that T is the defining tuple of the population P. 

For a given i = {ii, . . . ,ik), almost all r-tuples YyO ^(c) are generic. Exceptional values 
of c G (P^)'^ are contained in a proper algebraic subset. 

If two populations of germs at z with the same T intersect, then they coincide. 

As in Section we conjecture that every population of germs at a point z, associated 
to a Kac-Moody algebra q and a tuple T is a (pro-) algebraic variety isomorphic to the 
full flag variety associated to the Kac-Moody algebra 0* which is Langlands dual to g. 
Moreover, the parts of the family corresponding to r-tuples of germs with fixed degrees 
of zero at z are isomorphic to Bruhat cells of the flag variety. 

8.3. Orders of zero of germs in a population and the Weyl group. Let a tuple 
y he a member of a population P associated to a tuple T of weight A. Let a tuple 
y^^^ = {Di-i ■ ■ ■ -iVi-, ■ ■ ■ lyr) be an immediate descendant of y. Let A^*) be the weight of y*^*-' 
with respect to T, A. If the order of zero at z of iji is not equal to the order of zero of 



then aS = s,: ■ A(X), cf. Lemma |3.11 



Let P be the population of germs associated with a tuple T of weight A and originated 
at a tuple y^ . Then for any y E P, there is an element w G W, such that the weight of y 
is w ■ A, and for any w G W, there is a tuple y E P with weight w ■ A. 

8.4. Relation between populations of polynomials and germs. Let P be a pop- 
ulation of critical points in the sense of Section |3]^. We assume that P is associated 
with integral dominant weights Ai, . . . A„, complex numbers zi, . . . ,Zn, and originated at 
a critical point y^. Let T = (Ti, . . . ,Tr) be the tuple of polynomials associated with P 
and defined by formulas ( p.2|) . 

Let 2 G C. Then P induces a population of germs at z, denoted P^. The population of 
germs P^ consists of germs at z of tuples y E P. The tuple T, considered as an element 
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of P{C{{x — z))Y, is the defining tuple of Pj. The weight of T at z is Aj if z = Zi and is 
zero otherwise. 

In order to check that is indeed a population of germs one needs to check that Pz 
contains a tuple of germs y such that yi{z) ^ for all i. To do this we consider the tuple 
of polynomials . The tuple is generic in the sense of Section p.2| . Thus if z is not a root 
of one of then the germ of y^ is the required tuple. If z is a root of one of then it is 
a simple root. It is easy to see that any immediate descendant of y^ in the i-th direction 
gives a required tuple. 



8.5. s/AT+i-Populations of germs. Let P be an s/Ar+i-population of germs at 2 G C 
with defining tuple T of weight A. Let y & P. Introduce a germ of a linear differential 
operator D{y) by formula The germ D{y) does not depend on the choice of y. 

It is called associated to P and denoted Dp. The exponents of Dy are the numbers 
0, (A + p, tti), . . . , (A + p, «! + ■ — h Oat). The kernel V of Dy is called the fundamental 
space of P and denoted Vp. 

Let \^ be a complex vector space of germs at 2; G C of holomorphic functions in x, 
dim\/ = + 1. Assume that V does not have a base point, i.e. there is / G such 
that f{z) 7^ 0. Let Dy = 9^+^ + ... be the germ of a linear differential operator with 
kernel V. Let 0, mi + 1, . . . , rrii + ■ ■ ■ + niN + A^ be the exponents at z of Dy. Here rrii 
are non- negative integers. Introduce an integral dominant s/Ar+i-weight A by conditions 
(A,aj) = rrii. 

Let Ml, ... , utv+i be a basis in V. The germ Wy = W{ui, . . . , un+i) is uniquely de- 
termined up to multiplication by a non-zero number. Fix a tuple T = (Ti, . . . ,T7v) G 
P{C{{x - z)) f so that 

• The product TfT^~^ ■ ■ - T^ is equal to Wy up to multiplication by a nonzero 
number; 

• For any i, the order of zero at z of Tj is m^. 

The s/AT+i-weight of T is A. Such a tuple T is called a framing of V. 

Let be the variety of full flags in V. Deflne the generating morphism 

P : FL{V) ^ PiC{ix-z))f, ^ ^ y\ 

by the same formulas as in Section ^.5| . We have the following analog of Theorem 

Theorem 8.1. 

1. The generating morphirm defines an isomorphism of FL{V) and its image 
(3{FL{V)) C P{C{{x-z))Y. 

2. The image j3{FL{y)) is an sljsi^i-population of germs associated with T and A. 

3. The initial vector space V is the fundamental space of the population P{FL{V)). 

4. Every sl^+i-population of germs is given by this construction starting from a suit- 
able space V. 
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8.6. Selfdual vector spaces of germs. Let V he an N + 1-dimensional vector space 
of germs at z G C of holomorphic functions. For Ui, . . . ,Ui G V define W^'i^Ui, . . . ,Ui), 
the divided Wronskian with with respect to V, T, by the same formulas as in Section 
6.1 . Define the vector space V'^ as the span of divided Wronskians H^^('Ui, . . . ,un) with 



Ml, ... Mat G V. 

An iV-tuple y G P(C((x — z)))^ is called symmetric if for any i the germ yi is equal to 
the germ ?/7v+i-i up to multiplication by a non-zero number. 

The space V with a symmetric framing T is called selfdual if V'^ = V. 

A selfdual space has a nondegenerate bilinear form defined as in Section |6.2| . The form 
is skew-symmetric if the dimension of V is even and is symmetric if the dimension is odd. 

We denote FL-^{V) C FL(y) the subvariety of isotropic fiags. Let P be the generating 
morphism of V. A fiag 5" is isotropic if and only if the tuple /9(3^) = is symmetric. 
The group of linear transformations of V preserving the bilinear form acts on i3{FL-^{V)) 



be the same formulas as in Section 6.4. 



8.7. Populations of germs of type Bj^i. We use notations of Section |7.1| . Let P be 

an so2Af+i-population of germs associated with a tuple T = (Ti, . . . , Tjy) of weight A and 
originated at a generic A^-tuple y^. 

For any A^-tuple y denote the symmetric 2N — 1-tuple (j/i, . . . , yN-i, Un, Un-i, ■ ■ ■ ,yi) 
by yj^. The 2N — 1-tuple Ta has the s/2Ar-weight A^. 

Let P"^ be the sZ2Ar-population of germs associated with the tuple of sZ2Ar-weight 
A^ and originated at y^. There is an injective map P — > P^, y i— > y^- The fundamental 
space of Pa is selfdual with respect to the symmetric framing Ta- The fundamental space 
of of Pa is called the fundamental space of P. The generating morphism f3 : FL{V) 
P{C{{x — z)))'^ identifies the subvariety FL-^iV) of fiags in V, isotropic with respect to 
its skew-symmetric form, and the so2iv+i-population P. 

Theorem 8.2. Let V be a vector space of germs of dimension 2N with no base point. 
Assume that V is selfdual with respect to a symmetric framing Ta- Let FL-^{V) be 
the variety of isotropic full fiags of V, and l3{FL-^(y)) its image under the generating 
morphism. Then P{FL^{V)) is an so2N+i-population of germs with fundamental space 
V. 

To prove this theorem it is enough to show only that there is an isotropic fiag 5" such 
that its image y^ is generic, i.e. yf{z) ^ for all i. This is proved similarly to the proof 
of Theorem |0 . 



Populations of germs of type C^. We use notations of Section |7.2|. Let P be 



an sp2Af-population of germs associated with a tuple T = (Ti, . . . ,Tjv) of weight A and 
originated at a generic A^-tuple y^. 

Denote T the symmetric 2A^-tuple (Ti, . . . , T^, T/v, . . . , Ti). The tuple T has the s/2Ar+i- 
weight A^. 

For any A^-tuple y denote t/^ the 2iV-tuple (yi, . . . , yN-i, y%, y%, yN-i, • • • , 
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Let be the s/2Af+i-population of germs associated with the symmetric tuple T of 
■5/2Af+i-weight and originated at y% There is an injective map P — > P^, y t-^ y^. 
The fundamental space of Pa is selfdual with respect to the symmetric framing T. The 
fundamental space of Pa is called the fundamental space of P. The generating morphism 
j3 : FL(y) P(C((x — z)))^ identifies the subvariety FL^iV) of flags in V, isotropic 
with respect to its symmetric form, and the so2Ar+i-population P. 

Theorem 8.3. Let V be a vector space of germs of dimension 2N + 1 with no base 
point. Assume that V is selfdual with respect to a symmetric framing T. Let FL^{V) 
be the variety of isotropic full flags ofV, and P{FL^(y)) its image under the generating 
morphism. Then P{FL-^{V)) is an sp2N -population of germs with fundamental space V. 
□ 



8.9. Proof of Theorems |7.5| and |7.10| . We prove Theorem |7]^. The proof of Theorem 



7.10 is similar. 



Let ^ be a vector space of polynomials of dimension 2N selfdual in the sence of Section 
|6.2| . Let 2; G C Denote vr^ the map which sends a polynomial to its germ at z. Then 
T^ziy) is a 2A^-dimensional vector of germs. 

The symmetric polynomial framing T = (Ti, . . . , T2Ar_i), defined for V by formulas 
(|6.1D, induces a symmetric framing T^ziT) of ■nziV)- The vector space r^ziV) is selfdual 
with respect to the framing tTz{T). The bilinear forms on V and TCziV) are functorial, 
for any f,g & V we have {f,g) = {TTz{f),iTz{g)). The map vr^ identifies the varieties of 
isotropic flags FL^{V) and FL^{7iziV)). 

The map vr^ commutes with the generating morphism /3. 

According to Theorem ^]2| the image j3{FL{Trz{V))) is an so2Ar+i-population of germs. 



In particular, /3(FL (tTz{V))) contains 2N — 1-tuples generic in the sense of Section ^ 



Our goal is to show that (3{FL (V)) contains a tuple of polynomials generic in the sense 
of Section |3.2| . We start with an arbitrary flag 3^ G FL-^{V). We will deform it slightly so 
that the corresponding tuple will become generic. Let = y^ and 7/° = {y^, . . . , y%_i, 

y%, Vn-i^ • • • 5 Vi)- We may assume that the roots of polynomials do not contain the 
ramification points zi,. . . ,Zn of V. Indeed by Theorem |8.2| we know that for every z 
almost all flags in FL-^{7Tz{V)) give generic tuples. The set of ramification points is finite. 
So almost all flags in FL-^{V) give generic tuples of germs at the ramification points. 
Thus we may assume that if 2; G {zi, . . . , z„}, then the tuple of germs Hziy^) is generic. 

Let Z{y^) C C be the finite set of all z such that Hziv^) is not generic. If y^ is slightly 
deformed in j3{FL-^{V)), then Z{y^) is slightly deformed in C. In particular the slightly 
deformed Z{y^) still will not intersect the set of ramification points of V. Our goal is to 
show that there is a small deformation y^ of y^ in such that for any z G Z{y^) 

exactly one of polynomials y\, . . . ,y\j has a root at z and the multiplicity of that root is 
equal to one. 

Assume that y^ is slightly deformed in the direction of one of the one-parameter groups 
indicated in Lemmas |6.12| and |6.13| . Let y^ be the deformed tuple. If z belongs to Z{y^) 
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and z does not belong to Z{y^), then exactly one of the polynomials yl, . . . ,yj^ has a root 
at z and the multiplicity of that root is one. 

Thus our goal is to deform slightly the tuple in the directions of the one-parameter 
subgroups of Lemmas |6.12| and |6.13| , so that for the deformed tuple the sets Z{y^) and 
Z{y^) do not intersect. 

The possibility to do so is based on the following important observation. For any given 
z, a small generic deformation of y^ in the direction of one of the one-parameter subgroups 
of Lemmas |6.12| and does not increase the order of zeros of germs of iTziy^)- 

Let zq be one of points in Z{y^). By Theorem |8.2| we know that TTz^iy^) can be made 
generic using small deformations in the directions of the distinguished one-parameter 
subgroups. According to the above observation we will not make the germs T^ziy^), z G 
Z{y^) — {zo}, worse while simplifying the germ at zq- 

Those remarks prove Theorem [TT 



9. Appendix: the Wronskian identities 

In this appendix we collect identities involving Wronskians. All functions in this section 
are functions of x with sufficiently many derivatives. 

Recall that the Wronskian of functions gi, . . . ,gs is defined by 

Wig^,...,g,) = detigt\,=i- 

We follow the convention that for s = the corresponding Wronskian equals 1. In 
this section we write Ws{gi, . . . ,gs) instead of W{gi, . . . , gg) to stress the order of the 
Wronskian. 
We start with 

Lemma 9.1. We have Ws+i{l, gi, . . . , gs) = Ws{g[, . . . , g',) . 

Proof. Obvious. □ 

The next lemma is 
Lemma 9.2. We have W^ifgi, ■ ■ ■ Jgs) = f"Wsigi,...,gs)- 

Proof. We proceed by induction on s. The case s = is obvious. Suppose the lemma is 
proved for s = Sq — 1. Compare the following differential equations on gi 

Wsoifgi,---Jgso) = and Wsoigu ■ ■ ■ , gso) = 0. 

Both equations have solutions (72, • • • ,5'so ^ind therefore coincide up to multiplication by 
a function. Comparing the coefficients of g[^° we find that this function is by the 
induction hypothesis. □ 



In what follows we use Lemmas and 



to prove new identities. 
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Lemma 9.3. We have 

s 
i=l 

Proof. Let h = g/f. We have 

This Wronskian is equal to the Wronskian of order s 

fs{s+l) yf/^^/^/^ 2hh', Sh'-^h') = S\ {h'Y /^(^+^) Ws{l, h,h\..., h'-^) . 

Continuing this reduction, we obtain 

s 

i=l 

On the other hand 

and the lemma follows. □ 
For the next two identities, we fix integers < /c < s and functions gi, . . . , gs+i- Let 

Lemma 9.4. We have 

Wk+iiVs-k+iis - A; + 1), ... , Vs-k+i{s + 1)) = {Ws^kigi, gs-k))''Ws+i{gi, gs+i)- 

Proof. This lemma is proved by induction on s. The case A; = s is trivial. Suppose that 
the lemma is proved for s = A;, . . . , Sq — 1. 

Divide both sides of the identity for s = sq by g[^'^ k+i){k+i) Lemma O to carry 

gi inside all Wronskians. Then one of the functions in each Wronskian is 1 and we can 
reduce the order by Lemma |9.1| . Then the identity for s = sq follows from the induction 
hypothesis applied to fi = (gi+i/gi)', i = I, . . . , sq. □ 

Let 

Ws{i) = W{gi,...,gi,...,gs+i) 
be the Wronskian of all functions except gi. 

Lemma 9.5. We have 

Wk+i{Ws{s + 1), Ws{s), ...,Ws{s-k + l)) = Ws-k{gi, . . . , gs-k){Ws+i{gi, . . . , gs+i))'. 

Proof. First we prove the case s = A; by induction on k. The case A; = is trivial. Suppose 
the case A; < A;o is proved. Divide both sides of our identity in the case s = A; = A:o by 
^A;o(fco+i)^ By Lemmas ^TT] and we are reduced to the identity 

W^fco+i«-i(fco), . . . , Wk,ih, . . . , hk,)) = iWih[, . . . , h,,))'^'> , 
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where hi = gt+i/gi and = Wko-i{h[, . . . , /i^, . . . , /i^J. 

The left hand side of the last identity is a determinant of size ko + 1. Add to the last 
row the row number i with coefficient (— i = 1, . . . , /cq- Then the last row 
becomes 

(o,...,o,iyfc„K,...,/i^j) 

and the lemma for k = ko follows from the induction hypothesis applied to functions 

/l = ^'i, • • • , fko = Ko- 

Now we continue by induction on s. Suppose that the lemma is proved for s = 
k,...,so — 1. Divide both sides of the identity for s = sq by (yff'*-^^^-'. Then the 
identity for s = sq follows from the induction hypothesis applied to fi = (gi+i/gi)', 
z = 0, . . . , So — 1. □ 
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